SANTINIKETAN 

LIBRARY 

Class N« . lU . . . 

A uthor No . .H. I . .*! ; . 9^ 

Shelf No 

A ccession No . liJi :fS 






algebra for beginners. 




ALGEBRA 


FOR BEGINNERS 


BY 

11. S, HALL AXD S. IL KNIGHT, 

AuTH«»RH of “ EeEMENTAKY AE<;K.liKA FttR S<’,noOLS,” “Ht<inEK 

Algkbra,” “Elementary Trigonometry, ” Etc. Etc. 


^iKVISED AND ADAPTED TO AMERICAN SCHOOLS 

BY 


FRANK L. SFVFNOAK, A.M., M.D., 

PlRIFEHNOR OF MATHKMAT?i S ANl> RUINGIFAI. IN TUB 
t^^TEVEN'' SgIOkM.. AcAOKMO' I )K1‘ ARIMENT «.rF THE 
tSi'EVENb Institute oj I'echnoeogy 


Wcto gorfe 

THE MACMILLAN COMPANY 

LUNUON: MACMILLAN & CO., LTD. 

1917 


Aii rights reserved 




Of)PYKi(;in\ 

MA('MILI.AN AND (X>. 


Setup and electrotyped Juno, iS/y. Reprinted November, 
Aui:;iK'it> ()LU)hi‘f, i -luS ; July, 1899! J'uy, I'yvxj ; .Vpril, 
Mrirch, 1903; July, ii.;<)4 ; October, 1*^05; November, n/^; April, 
1908, Idmuaty, 1909: t)ctobcr, 1911 ; January, 1914; July, 1917. 



PREFACE. 


The rcarraiipjeiiKMjt of the EJvmontarnf Ahjohra of 
Messrs, {fall and was uiidiatakeii in tlie li{)po 

of bciin^ ablt* to to onr advaiu-ed socoiulavy scdiools 
a, work (liat. would fully meet tludr najuircnients in tdiis 
iinj)ort:iiit study. Many (dian.i;(‘s wana* iiiade and ad- 
ditional s\dijc(d-iuatt(‘r infvodiu'cd. The Ahji^bt'd for 
iuov('ver, so fully nuads the luaals of the 
class of studtMits for whi(di it was w'ritten, that we. liave 
made oidy sueli (dian.i^i's as stamual to hrins.; out more 
(dearly im])(U‘t,ant points, and better ada]>t it to Amerit'an 
schools. 

AVith ladereiH’c to the arraiiitement of topicSj we (piote 
from Messrs. Hall and Kni‘^ht's pnhace to a former 
edition : 

^^Our oi’der lias b(*eii determined mainly by two (um- 
sideratfions : lii’st, a desire to introdma^ as early as pos- 
sibh'. tin' j)ra<*tical side' of tln^ sn])j(*et. and some of its 
most interestin.it appli<'ations, smdi as easy (upiations and 
pro])h*ms; and st'condly. the stronjj; o])inion that all 
referimee to ('oinponnd expressions and their resolution 
into factors should b(‘ ])ost]Hm(sl until the usual opera- 
tions of Algtd)ra havt^ ])e(ni exemplitied in the case of 
simple expressions. P>y this course the beginner soon 

V 
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becomes ai'qiiaiiited witli the ordinary algebraical ]>rocv 
esses without eiaamntprinpj loo many of their dihiculties ; 
and lie is learning at the same time something of the 
more attractive parts of the subject. 

As regards tlie early introduction of sim})le eipiations 
and problems, the ex])erience of teax'liers favors tlie 
opinion t.liat it is not wise to take a young learner 
through all the somewhat mechanical rules of Factors, 
Highest Common Factor, Lowest Common iMultijde, 
Involution, Evolution, and the various tyjars of Fra(‘- 
tions, before making some effort to arouse his int«n'est 
and intelligence throiigli the medium of easy equations 
and problems. Moreover, this view has lieen amjily sup- 
ported by all the best text-books on Elementary Algebra* 
which have been rc(*ently published.^’ 

The work will b(‘ found to imad tlie wants of all who 
do not require a kmjwledge of Algebra beyond Quadratic 
Equations — that portion of the sidqect usually cov'ered. 
in tlie examination for admission to the classical course 
of American Colleges. 

FRANK L. SEVENOAK. 

June, 1895. 
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ALOl^llUlA. 


CIIAPTEU 1. 

1) i:v i X n‘u ) N s. S r j js'i’i ru thjns. 

1. Ar.(^Kr.rw\ trc'ats of finantitios as in A l itliiiu-t ir, l»iit with 
£jfT‘(*atei‘ L'’<‘iipralit V ; for whiK* t lie (plant il ios used in ariilnnetical 
|»r(K-t‘ssrs iin* (l(‘not(Ml hv //p/ov.s' which ha\ c one sinujh* (hdiiiite 
v^'ilue, ali^t'hraical <{na,ntities are denoted Ity ,v/mboh wliich may* 
have any value, wc- < lioosc to assii^u to them. 

The .syinhols employed ant httters, usually thosit of our own 
a]j)hal*(*t ; and, though tlnaa* is no r(‘st j jct ion as to the innnericai 
value's a symhol may n'pretsi'ut, it is understcfod that in the same 
piece of work it keeps the same xalue t hrouo'liout. d'hus, when 
vve say “let/ a- 1,” we do not mean that, o must havit the value 
1 alwa\s, ])ut only in the jiarticular exampht Ave are considerine:. 
Moreover, W(‘ may oju'rate with symhols without assiojiin^uj to 
them any ]iartic(dar numerical value at all ; indeed it is with 
such operations that Aloehra is cliietly eoiiceriu d. 

We ] lean'll with the delinit iiais of Ali^ehra, jmemisino; tliat the 
symbols +, — , x, will have the same meanings as in 
Arithmetie. 

2. An algebraical expression is a eol lection of symliols; 
it may consist of one or moi e terms, which are separated from 
eacli other by the signs + and — . Thus *ta^bb — dc — .u + ^i/ is 
an exiuA'ssioii eonsisting of live terms. 

Note. When no sign preeedes a term the sign + is understood. 

3. Expressions are either simple or compound. A simple 
expression consists of one term, as bo. A eont pound eo'pression 
consists of two or more terms. Compound expressions may be 

<5 n.A. A 
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further distiucfuished. Thus an expression of tiro terms, as 
3a - 2/>, is calleii a hmomial ^xprc'ssion ; one of t//rcr terms, as 
2a -3/' 4- 6*, a trinomial ; one of more than three tei'ios a multi- 
nomial. 

4. When two or more quantities are multiplied toi^ether the 

result is called the product. One important ditlerenoe between 
the notation of Arithmetic and Ali^ohn-a slionhl Ik' lu'ie iK'marketl. 
In Arithmetic the product of 2 and 3 is \vrirt<'n 2x3, when'as 
in Ali^elira the ])r<xliu t of a and /> may be written in any of 
the forms a. 6, or ah. Tht' form ah is the most usual. 

Thus, if a~ 2, /;=-3, the ]uoduct a/> - x /> - 2 x 3 -- 0 ; but in 
Arithmetic 23 means ‘Oweiity-thr'ce,” or 2x 10 + 3. 

5. Each of the quantities multij)l!e<l tom'tlu'r to forma })ro- 
diict is called a factor of the ju'oduct. Thus 5, a, h are the 
factors of the nroduct haJ). 

6. When one of the factors of a.?» exj)ression is a nnmerical 
quantit', it is called iic* coefficient of the reniainin^^ factoi’s. 
Thus in the ex})ressi<»u oaA, f> is the coeilieient. Jhit the word 
coefficient is also used in a wider s«'nse, and it is soimdimes 
convenient to consider any factor, or fart(us. of a ])roduct as 
tlie coetiicient of the remaining factois. 'i'lius iji the product 

iki may Ik', aj)j>ro})i iately <-alh‘d tht' coetruieiit of h<\ A 
coefficient which is not merely numerical is soimdimes called a 
literal coefficient. 

Note. When the coefficient is unity it is usually omitted. Thus 
we do not write la, hut sinqdy a. 

7 . If a quantity be Timltiplii'd by itself any number of times, 
tlie jH'oduct is called a power of that (juantity, and is expresse(l 
by writing the iiuiidicr of factors to the riglit of the (juantity 
and above it. Thus 

ax a is called the second poiver of a, and is written a? ; 

OjX ax a third power of c^, a^ ; 

and so on. 

The number* which expresses the ])ower of any quantity is 
called its index or exponent. Thus 2, 5, 7 are respectively 
the indices of a*\ 

Note, a^ is usually rend “a squared”; jg j-^^d “a cubed”; 

is read “ a to the fourth ” ; and so on. 

When the index is unity it is omitted, and we do not write 
a^, but simply a. Thus a, la, a^, la^ ail have the same meaning. 
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8. Hio beginner must bo careful to distinguish Ijctweon 
c(>i‘jficivt>f a]jd i/idf'j'. 

Example. 1. Wliatis tlui differoncc in meaning between ?,a and 

Hy we nj(!au the product of the quantities and a. 

By (d we iiK'an the third power of a ; that is, the product of the 
quantiti(;s o, a. 

Thus, if a ~ 4, 

3a = 3 X a = 3 X 4 = 12 ; 

tr ~ a X a x a =: 4 x 4 x 4 = 04. 

Example 2. - If ^ r), distinguish between 4/r and 2hi 

Here 4//- = 4 x /j x h ~ 4 y 5 x 5 ~ 1 uO ; 

wher’o.as 2?>'* =: 2x h x h x h x h = 2 d x 5 x d x 5 = 1250. 

Exajnjilf 3. If cr ~ 1, find the value of da:"*. 

Her(' d.i.’’* 5 x x >. x x .r x x ~ d a 1 1 x 1 x 1 - d. 

Note, The beg:inner should observe that every power of 1 is 1. 

9. In arit hnu't l<al mull iplii^at ion llu* ordt'r in whieh the 
factors of a product are wi'itten is immateiial. For instance 
3 X 4 means 4 sets of 3 units, and 4 x 3 means 3 sets of 4 units ; 
in ea<‘h case we have' 12 units in all. Tims 

3 X 4 - 4 X 3. 

In .a similar way, 

3 X 4 X d r- 4 X 3 X 5 = 4 X 5 x 3 ; 

and it is easy to see that tlie .same ])rinei])le liolds for the 
produc t of any numbei' of arit!iim*ti(*a! cpiantities. 

In likt' manner in Algidua ad and da eat‘li denote tlio ]U’oduct 
of the two (plant iti<*s rtqu'c'sented by tin* betters a and d, and 
l)a-v(‘ llnua'fore tbe same value. xXgain, tbe expressions adc, 
acd, dac, dca, c((d, cha have tbe same value, each denoting the 
product of tbe tln-ee (piantities <(, d, c. It is immaterial in 
what ord(‘r tbe factors of a ju'oduot are written ; it is usual, 
liowevei*, to arrange them in alphabetical order. 

Fractional ('octlicients wliich are grt'ater than unity are 
usually ke})t in tbe form of iniprop(‘r fractions. 

13 

Example 4. If a = 6, x =-• 7, - = 5, find the value of ^ 

I'W: = 0x7x5 = 273. 

10 10 


Here 
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EXAMPLES I. a. 


If 

a. ~ 5, 

b 

= 4, f 

:= I , .r -r 

!, = 

12, r. = 

2, find the value of 


1. 

2 a. 


2. 

a". 

3. 


4. 


5. 

C*. 

6. 

4r. 


7. 

4//. 

8. 

d. 

9. 

■x\ 

10. 

.8a:. 

11. 



12. 

8(rt 

13, 

6r\ 

14. 

CrJ'. 

15. 

7 c*’. 

If 

.a = 6, 

V 

= ■1. 

r = 7, ? - 

.h, X = 

1, find the value of 



16. 

ap. 


17. 

.8/X7. 

18. 

.8(7:2'. 

19. 

.5//. 

20. 

Saqx 

21. 

pqr. 


22. 

Saqr. 

23. 

Ifjrx. 

24. 

2 ( 1 } 17 ' . 

25. 

7 a A 

26. 

Hp\ 


27. 

Sr\ 

28. 

%pqx 

. 29. 

63;”. 

30. 


If h = r>, 

k 

= 8, 7 

' r= 4, y - 

1, lind tlie v: 

line of 




31. 

y. 

9 


32. 

h'x. 

() 

CO 

CO 


CO 

hkx. 

35. 

1 5 
KV^ 

36. 

1 , 

- . 

S 


37. 

-Vp. 

27 

CO 

CO 

^ /(•=. 

25 

39. '?/ 
(> 

H 

40. 

hkrij. 


10. IVhen several <litferent (quantities avi* mult i)>li(M| |(>ir(‘ther 
a n(*tat iun similar to lliat of Ai l . 7 is adojitod. 'Ilnis uaiilihluuidd 
is wriUt'U ^dh^nP. And eonv(*rs(‘l y l*ri‘dr has t,l((‘ same nu^anii^g 
as 1 xaxaxnxcxdx d. 

Exmnplf. 1. r ~ d = 5, find tlui value of 

Here = 16 x rz (U; y fr") IV -- ■. SI :r 1620(10. 

Note. The ])egiimcr should observe that hy a suitable combination 
of the factors some labour has b(;eii avoided. 

Example. 2. If p = 4, 7 = 9, r = 6, s - 0, find the value of . 

SI /<■'' 

82(/j '' ^ .T2 , 0 6-' _ :12 X 0 x 6 x (i > 6 

Sly/ SI X 4'^' SI 4 4 X 4 > 4 x 4 ' 4’ 

11. If one fa(jtoi* ^)f a ])rodnet is e<qna,l to (f th(‘ ]>rodnet must 
])(3 e(|ual t(j 0, V’latUu'er r<d,(<>ti the otIuT /(fd.or.H nunf haee, A 
factor 0 is nsually called a zero j<tctor. 

For instajK-e, if .r -O tinm (flr’znd (am tains a zm'o factor. 
Th(;refore (ddrip^d) when .r--(q^ wbabwau' be the values of (/,, />, //. 

Again, if e- A), tbeii (r=0 ; thcirefore alrc^^O.^ whatever values 
a and b may have. 

Note. Every power of 0 is 0. 
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EXAMPLES I. b. 

If a ~ 3, 6 = *2, /> “ 10, - 1 , X - 0, - 7, liinl the value of 


1. 


2 . Sax. 

3 . 5/<7:. 

4 , Qaqz. 

5 . 

bpz. 

6 . 

Slrcp 

7 . 

8 . 

9 . 

10 . 

rile'pX^. 

11. 

a^p^x. 

12. 8/-¥'- 

13 . 

14 , /-'•cfft 

15 . 

Sa^rf\ 

If 1=1, 

/ = 2, = 0, p 

= 8, g = 4, r = 

5, iiud the value of 


16 . 

/r* 

np. 

17 . • 

qr 

18. 

TO 

41 • 

20. 


21. 

/f ‘ 

22. 

28. 

21 

Ajr 

25 . 

Sir/-': 

4d0/ 

26 . 

m'c 

'll'' 

f^k 

27- 'y 

28 . ^'7- 
Q 

29 . 

30 . 



12. We now |>r()C(‘e(l to liiul the nunierical vahie of expres- 
.sioiis wliieli eontaiu iiu»ie than one term, in these eaeli term 
can Ih* dealt with singly hy thr rulrs already given, and l>y 
eoinhining the terms tlu; numerical v:due of tin* wliole ex])i*es- 
nion is (djtaiiual. 

13 . W <> h;i\a‘ aheady, in Art. S, drawn attention to the 
importance* of cjircfnlly distinguishing helween ciK'tjh'h’nt and 
hnh’j' ; confusion het wi'en these is such a fruitful source ‘of 
error wit h heginners that it may not he unnecessary once more 
to dwell on tlie distinction. 

Example. When c - 5, tind the value of - 4c -f 2c^ - 3c^, 

Here c* - ~ i)\ h x 5 x 5 = G'lo ; 

4c = 4 X 5 := ‘20 ; 

2c‘-^ = *2 X 5*’ = ‘2 X a X 5x5 = ‘250 ; 

Sc- = S X 5- = S X 5 X 5 = 75. 

Hence the value of the expression 

= 025 - 20 + 250 - 75 = 780. 

14. The beginner must also note the distinction in meaning 
betwe(*n the sii/a and the proilurt of tw'o or more algebraical 
quantities, hor instance, ah is the prinha'C. of the two quan- 
tities a and 5, and its value is obtaimal by plpimj them 
together. l>ut o f 5 is the sum of the two (piantities a and 5, 
and its value is obtained by addimj them together. 
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Thus if 11, 5 — 12, 

tlic s?(m <jf (/ ami 5 is 114*12, that is, ; 
the product of a and 5 is 11 x 12, that is, 132. 

15. I'y Art. 11 any term \vhu*h eon tains a zero factor is 
itself zero, and may he called a zero term, 

Examph. If a = 2, h = 0, x - 5, y = 3, hiid the value of 
tSa? - ah~ H *2x-i/ -r t^bxy. 

The expression = (5 x 2’*) - 0 -f (2 x 5- x 3) + 0 
= 40+ 150= 100. 

Note. The two zero terms do not aflfcct the result. 

16. In workiiii^^ examples tin* student should ])ay attention 
to the following hints. 

1. Too mmli importance cannot he attaelu'd to neatness of 
style ai'd arrangement. Tin' beginner should remeinher that 
neatness is in itself eoudueive to accuracy. 

2. The si<;'n should nevtu’ he used except to ('onnoct 
quantities Avliich ate (*<pial. llcuinners shoulil he particularly 
careful not to employ the si^^ni of eqmility in a)iy va^uie and 
inexact sense. 

3. Ihiless tlie expressions arc' very short the' sij^ns of ecpiality 
in the steps of the w«)rk should h(‘ j>lacc*d oiu- under the otlier. 

4. It should he eh'arly hroUL*ht out how each stc*p fcjllows 
from tlie one before it; foi' tliis purj>ose it will sometimes he 
advisalde to add short verbal explanations ; the importance of 
this w ill be seen later. 


EXAMPLES I. c. 

If a = 4, 5 = 1 , c = 3, /= 5, i/ = 7, 5 = 0, find the value of 
1. 3/+55-75. 2. 7c -95 + 2a. 3. 4i7-f)C-95. 

4. 3p-45 + 7c. 5. 3/-2i/-5. 6. 95 ~ 3c + 45. 

7. 3a~95 + c. 8. 2/^S<j + 5a, 9. 3c -4a + 75. 

10. 3/+55-2c-45 + a. 11. 65 - 75 - 5a - 7/+ 9p. 

12. 7c + r)5-4a + S5 + 3/;. 13. 95 + a - 3f/ + 4/+ 75. 

14. fj hyh-ab. 15. p5-35c+/5. 16. /5 + 55-35c. 

17. /^-3aH2cl 18. 5»-253+3a2. 19. 352-253 + 452-25^ 



CHAPTER 11. 

Negative Quantities. Additiun (M' Like Terms. 

17 . In liis aritlirneticjil work tlie stiidriit, has been accus- 
tomed to deal with iiiimerical (piaiilit ies connected by the sigiis, 
•f and - ; and in tindin.i^^ th(‘ value of an exju'es.sioii such as 
bf + T'fJ - 3 J + fi - 4^ li<i un<h‘rstands that the quantitit\s to which 
the Nijs^n -f is pi thixed are additi and those to which the sii>;n 
■™ is jaa‘(ixed aie while t)u‘ first ejuantity, Ij, to 

which no siu’ii is jnetixed, is countt'd annuio tln^ additive teiins. 
Idle same notions ju’evail in Algebra ; thus in using tlie expres- 
sion To -f 3/> - 4c we understand tlie symbols To an<l 3/) to 
represent additive (piantities, while 4c and 2</ art* subtractive. 


18 . In Arithmetic the sum of the additive ttums is always 
gr<‘ater than the sum of tiie subtractive tt*nns ; if the revei^se 
wtjre the (‘ase the result would have no arithmetical meaning. 
In Algt'bra,, however, not only may the sum of the subtractive 
terms t;xceed that, of the additive, but a subtraiUive term may 
stand alone, ami yet have a meaning (piite iiitelligilde. 

ll(?nc(‘ all algebrai('al (piantities may be divided into positive 
quantities and negative quantities, according as tiny are 
expressed with tlie sign 4- or the sign - ; and this is quite 
irresjK'ctive of any actual jirocess of a<idition and subtraction. 

This idea may be made clearer b}' one or two simple illus- 
trations. 

(i) Siijipose a man were to gain $100 and then lose |T0, his 
total would be $30. Hut if ht* tirst gains $T0 and then 

loses $100 tli(‘ result of his trading is a loss of $30. 

The corresponding algebraical statements would be 
$100-$T0 =r4.$30, 

$70 -$100= -$30, 
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and tlie no^ative quantity in tin* set'oiid (‘asu is iiit«'r|)i'(‘lod as a 
that is, a siini nioiu'v op])osito in cliaTactrr to tin* ]>ositive 
(|uantitv, t)i aain, in tin? tirst caso ; in hu t it may Ix' .said to 
])ossess a subtractive quality ^vliich ^vould ])roduc(^ its ctlect 
on other transactions, or perhaps wholly eounti^rbalance a sum 
gained. 

(ii) Suppose a man starting from a given ])oint were to walk 
along a straight road 100 yards forwai’ils and then 70 yards 
backwards, his distance from the start ing-point would he :5t) 
yards. But if he tirst Avalks 70 yards foi wards and then 100 
yards backwards his distance from the starting-point would be 
30 yards, but on the opj>osite of it. As Ix'foi e wc‘, have 

1 (K) yards -- 70 ya rds -f 30 yards, 

70 yards — 100 yards -- — 30 yar-ds. 

Tn ogdi of thosc‘ cases the* man’s c//».sv;/?//c <ilst<tvrr from the 
starting yroint is the same: but by taking th<* ]>osili\f‘ and 
negative sign*' into account, w<* see that - 30 is a distanee fiom 
the starting point cvy;/o/ i)i imopntnde hut cYy/f>.sv7e Oa din'rfion 
to the distaina* I’eprc'seiitc'd by -f-30. Thus the negative^ sign 
may here be takc-n as indicating a rerersoi of it i red in n. 

(iii) The fi’c'c/ing point of the ( Viitigiadc* theuanometer* is 
mar*k<‘d zei’o, and a, tcnnpmatnre of If) i\ itK'ans lb’ above* the 
freezing jroijit, while* a tempeiature 15' below the frcc'zing jroint 
is indicated by - 15" C. 

19 . Many other illustrations miglit Ire (hosen ; but it will 
be sufficient ht're to rc'inind the student that a subtractive 
c]uantity is always opposite in <‘haractc‘r to an additive (piantity 
of e.cpnil (ihsolnte value. In other w'ords subtraction is the reverse 
of addition. 

20 . Definition. When terms do not diflc'r, or wdien they 
differ oidy in their numeih*al coc'flic.ic'nts, they calk'd like, 
otherwise* they are calk'd unlike, ddiiis 3c/, 7c/ ; 5c/-7>, ^la-h ; 
3a/'V/-, — 4c/'7r are jrairs of like ter nis ; and 4c/, 36; 7c/y 9c/‘“6 are 
pairs of unlike terms. 

Addition of Like Terms. 

Rule I. The sum of a number of like terms is a like term. 

Rule II. If (dl the terms arc positive, add the coefficients. 
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Exmi^ph. Find tFe valiio of Sr/,-] oa. 

Here we have to iii(>reas(> S liko tlnii^F? ])y 5 like things of the 
siune kind, and t.lie aggreg:it.<‘ is El of sneli things ; 
for instance, S Ihs. i 5 Ihs. = IH Ihs. 

Hence als<i, 8r/ -j r>rt = l^a. 

Similarly, Sa + So, -}- a 2a + 6a - 22a. 

Eulelll. Tf all thr frr'ins are ^ay/aoVc, athl the coejjlcients 
7lU'/nerira.l(tf and pn fi.r ihn 7/rina.s s/f/n fa the snra. 

Example. To fiml th<* sum of - ,‘D’, - S.r, — T-c, - .r. 

Here the woial mm indicates th(‘ aggregate of 4 snhtraetive 
quantities of lik»' chaiuctiT. In other words, we huA'c to takt airnij 
sueci'ssi vely S, .S, 7, I like things, and the r(*sidt is tlu; same as 
taking away S -i S + 7 t 1 sueh things in the aggregate. 

Thus th(^ som of ~ S:r, -Tu’, -7-^', -x is - IG.r. 

Rule IV. If the ferrnr are not all af the name riejn^ add to- 
gether reparafe/p the earjiirtenir a! aU tfa' portfire frrmr (fnd (he 
<'o>‘f'ii(‘ietdr of all tla‘ neqaiire termr ; the differenee of tfn're tiro 
remltr^ pn^'ethd hp the ripn of the greater, 'trill tfirt' the t'oeffu'ietit 
of the. turn Tt ipdred. 

Examph 1. The sum of 17^’ and — <S:r is Or, for the difference of 
17 a!\d 8 is 9, and tlu^ greater is positive. 

Example 2. To tiiul the sum of 8a, - Oa, ~a, oa, 4a, - 11a, a. 

The sum of the cotdlicients of the positive terms is 16. 

negative 21. 

The (lifTfTence of these is 5, and the sign of the greater is nega- 
tive ; henct! tlie re(|uir('.d sum is -5a. 

AVe iu'chI not how»‘ver a<lhere strictly to this rule, for tlu‘ 
t( 0 -ins may he added or siihtracted in the order we tiiid most 
eoiiveiii(Uit. 

'This ]>r(Ha'ss is called collecting terms. 

21. AVhen quantities arc conueeted hy the signs + and — , 
the resulting cx}>ressiou is called their algebraical sum. 

Tlius 1 la — 27a-k l.'kf - -“'3a. states that the algcluaic'al sum 
of Ha, —27a, 13(/ is ecpial t<t —3a. 

22. The sum of two (juantities numerically (qual but witli 
opposite signs is zero. Thus the sum of 5a aiul — 5a is 0. 
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EXAMPLES II. 


Find the sum of 
1, 20., 6o, a, 4ft. 

3. 6?>, 11/;, S/;, 5/>. 

5. 2/), 4;), Iru r>;>, 12;>. 

7. "23?, -6a:, -lOo:, -8a;. 

9. -y, - 4y, - 2?/, - 6y, - 47/. 

11. -217/, -r>7/, -3//, -187/. 

13 . -48, 3.s,8,2.s, -28, ~.s. 

15, '3a:, -10a:, - 7a:, 12a:, 2a:. 

17, 2xy, - 4a:;jy, - 3a:7/, xy, Ixy. 
19 , ~ 3ft/7C, 2ahc, - ISahc. 

Find the value of 
21, - 9ft - 4- 1 1 ft" + 3ft ' - 4ft-. 

23. Ilft^f-3a^-8rr4-^ 7ft*' -t- 27 

25. -f 8ft -Vr -i \)a'-lr\ 

27. 2/7*'’'77- - 3 1 j'Af + ] 7 /7"7y“. 

29 . 9a6cd - 1 laicd - 4 lake/. 


2 . 

4a:, a:, 

5a’, 6a*, Sar. 

4. 

6r, 7e 

, 37’, HV, ISr, 101 7*. 

6 . 

d, m. 

, 37 /, 77 /, 47 /, 67 /, IO 7 /. 

8. 

-3/7, 

- 13 / 7 , - 19 / 7 , - 5 / 7 . 

10. 

-177:, 

, - 347*, - 9r, - 67*. 

12. 

- 4??7, 

-13?7z, -17^, -59m. 

14. 

11?A 

- 9?/, - 7//, 5//, 7?/. 

16. 

877 . A, 

-- 67 /A, r>77,A, -Aah. 

18. 

5/77/, 

-S/ 77 /, 8/77/, - 4/77/. 

20. 

- xyz 

, "2;r//:, 7a:?/:;, - a*?/^. 

22. 

3/>^-' 

2/,'^ + 7/>3„o/;{. 

24. 

2a;-' - 

3a:” - ()ar^ - 9a"“. 

26. 

ah: - 

1 177-.7’ 4 377.“a’ - 2(/-a’,. 

CO 

1 ltd 11 

'■ 15?/?h? f IWtdn. 

30. 

1 3/7ga: - dxpq 1 Og/va:. 



CHAPTER III 


Simple r>RACJKETs. Addition. 

23. WnF.y a number of aiitliim'iieal (juantities are ccuinected 

by tbe siyns 4- Jnul , tln‘ valm' of the r(‘sult is the 
saiiK' in whatever order the toiiiis are taken. This also holds 
in tlie ease of algebraical quantities. 

Thus a - A + e is e(]uivalent to a-\-c—h^ for in the first of tin; 
two expressions h is taken fioin n, and c added to tlu* result ; in 
t he second c is addcal to a, and h taken from tlie result. Similar 
reasoning ap]>!ics to all algebraical ex])re.ssions. Tfence we 
nia}' write the Uuins of an exfu'cssion in any ordor avc pleases 

Thus it, ap)tcavs that tlu^ ex})ression a -h may be wuitten in 
th(.' c'(pii\’al(‘nt form h-vn. 

'To illnstrati? this we may sup])Ose, as in Art. 18. that a ret> 
resents a gain of a <lollars, and ~h a loss of h dollans: it is 
cl<‘arly immaterial whethm- the gain jirecaules the loss, or the 
loss precediis the gain. 

24. Brackets ( ) are used to indicate that tlie terms enclosed 
wdthin them are to be considered as one quantity. The full use 
of brackets wall lie considered in Chap. vii. ; here shall deal 
only w ith the simpler eases. 

8 + (13 4 - 0 ) moans that 13 and h are to be added and tlnur 
sum added to S. It is clear that 13 and 5 may he added 
separately or together wdthont altering the lesult. 

Thus 8 + (]3 + 5)-8+ 13 + 5 = 20. 

Siinilai’ly a + (6 + 6‘) means that the sum of h and c is to be 
added to a. 

Thn s n + + c) = n + /> + c. 

8 + (13 - 5) means that to 8 w'e are to add the excess of 13 over 
5 ; now' if Ave add 13 to 8 we have added 5 too much, and must 
therefore take 5 from the result. 

Thus 8 + (13 - 5) - 8 + 13 - 5 = 10. 

Similarly u + (6 — c) means that to a w e are t'> add 6, diminished 

by f. 

Thus a+(6-c)=a+6-“C. 
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In like iiiaiuiei% 

a-]-h~c~^(d- e - f) -a-\-h e~\-d- e-f. 

By coiisiderini^ these I'esnlts we are led to the foIl<^winif ride : 

Rule. ‘H (fn (\i prrsiiioH if'itlun in’itrkct.'i is f>r<‘e<'(h’d h/f the. 
snjn +, the hraekets can />e rcnioved withoat makunj ant/ vltaiajt in 
the ecpression. 

25 . The expression n -dt + r) means tliat fioin a we are to 
take the sum of l> and e. ddie result will ])e tlu' sjuiu* wlu'ther 
b and c are suhtraeted s(}>arate]\ (»r in one sum. Tims 

a — {h-{-c)-~-a — h - c. 

Attain, a—{h-e) tm^ans tliat from a \\v are to subtract tlu' 
excess of h oviu- e. If from a we taka* h we i^<‘t a b ; but by so 
doing we shall have taken away e too niueli, and must therefore 
addc‘to«-/>. ill us 

a (/> — r) — b-h c. 

Ill like nia liner, 

c( — b — (e “ d ■- cp a b — t''\-d-\-c. 

Aceordingly the following rule may la* (umneiati'.d : 

Rule. \ Vhvn an ej/trt nt trithm hraekt t.'^ is /)r(>eeded bt/ the 
sign , the brackets niag be re/noced if’ t fa' sign of ererg term witkiii. 
the brackets be changed. 

Addition of Unlike Terms. 

26 . When two or more like term.'' are to be add(*d toget.lier w<‘. 
have seen that they may be eolNa^bal and tlie n^sidt ex])ressed 
IS a single like term. If, howevm-, the terms are unlike thi‘Y 
cannot lie collected ; thus in iinding the sum of two uiilika^ 
quantities a and b. all that can be dom^ is to conm*ct them by 
the sign of addition and leave the result in the form a-\-b. 

27 . We have now to consider the meaning of an expression 
like a + (^ — b). Ifei’e vve have to find the result of taking a, 
negative quantity —6 togethm* with a jio.sitive quantity a. 
Now ~b inijtlie.s a decrease, and to add it to a is the same in 
eliect as to subtract b ; thus 

a4-( — b) — a, - b ; 

that is, the algebraical sum of a ajid —b is exjiressed by a — b. 

28 . It will be observiMl that in Algebra the word sum is used 
in a, wider sense than in Ai’ithmeti<’. 'rims, in the language of 
Aiithmetic, a~b signilies that b is to be subtracted from 
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and Ix'ars that inoanini^ only ; but in Algebra it is also taken 
to in(*;in tin* sum of tin* t wo (}iiantiti(‘s o and —6 without any 
I’og.'u d to tlie r(*l:itivo niagnitudos of (i and h. 

Exam-])lt 1 . Find the sum of 3a ~ 5/^ + 2(‘, 2a + - d, - 4a -f 2b. 

The sum = (8rx - f 2^;) f (2a i- IV) - </) 1 { - 4a + 2h) 

~ .So, - 5/) -f 2r + 2a 4 S/> - - 4a -i 2f) 

.. .Sa 4- 2a - 4a - 56 4- 36 4- 26 4 2c - d 
=: a 4- 2r ~ d, 

by collecting like terms. 

Tin* addition is however more eonvenimitly effected by the 
following rule : 

Rule. Arrnixjc iho, c.c/av'.sw/oy/^* rn lives so that ihc like tervis 
ivo)/ he lit (he xtime rerthufi eolnmvs: then add each column 
hetflvvl v<j -u'lth that ov the left. 

The .algebraical sum of the terms in the 
first column is a, that of the terms in the 
second column is zero. The singh' terms 
in the third and fourth columns are 
1 nought down without change. 

Ex(tvii>h 2. A<hl togt't her - 5a6 -4- 66c - 7ac ; 8a6 4- 3ac - 2ad ; 

-2ah I ‘la<‘4-5ad ; he - ‘.\ah i 4ad. 

TTer(‘ we first rearrange the ex- 
]>rcs.sions s() that like terms are in 
the saiiK^ vi'rtieal columns, and then 
a«M up each column separately. 


- lyab 4- 66c - 7a c 

Sa6 -i .3ac - 2'a/ 

- 2a6 4 4(/c f \md, 

*4a6 j he I And. 

“2a6-4-76c -f 7a// 


3a - 56 -I 2c 
2a ( .36 ~(t 

-- 4 a 4- 26 

a -f 2c -- d 


EXAMPLES III. a. 

Find the sum of 

1, 3a. 4 26 .5c ; ■ 4a 1 6 7c ; 4a -36 4 6c. 

2, 3,c 1 2// t 6*. ; X - .3// - 3: : 2.c 4 // ■~3::. 

3, 4/> i ,‘>7 I or; - 2/> i .‘Jr/ — Sr; p-ti \-r. 

1 1 a 4 26 - c ; 1 Orr 4 56 - 2c. 

- 6/ 4- 7 a/ i 4// ; - / 4 a/ - S??.. 

0^ 5a 76 ! 3c 4// ; 66 - 5c 4 3f/ ; 6 i 2c- rl. 

7. 2// 1 46 5.C ; 26-5/’; -.3a 4 2?/; (>6 -4- Sa: 4- y. 

8, 7x "52/ ~7-; 4x + ^; 5z ; 5x~3yi-2z. 


4, 7 a 56 t .3c ; 

5. S/ 2/// i 5//, ; 
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9. a-2/)4-7r4 3; 2/>-,V + 5 ; .V-{ 2a ; a-S-lc. 


10 . 

5 - X - y ; 7 4- 2a 

3y-2 


44 X - 2y. 


11 . 

25« - 1 5/i 4 ; 4c - 106 4 1 

3a ; 

a - c f 206. 


12 . 

2a - 36 - 2c 4- 2x ; 

5x > 36 

- 7c ; 

Oc - Gx - 2a. 


13 . 

3a -5;' h2b-2d; 

64-2t/- 

a ; 

5c 4 :h'4 3c - 2a - 36. 

14 . 

p-f/rlr; Cuf h 

r-p; q 

-3/> 

-/•; Gy- 7/?. 


15 . 

17a6 - 13A”^ - 5xy 

; 7x?/; 

126/ 

-5?t6 ; 3.ry 

46/ - ah. 

16 . 

2a X - 36?/ - 2c: ; 

26y - ax 

f 7cr: 

; ax ~ 4?r | 7 

'6//; cz-^hy. 

17 . 

3ax 4- c:: - 46?/ ; ' 

76y - Sftx - 

- rz ; 

- 36// 4 i)ax. 


18 . 

3 4 oed ; 2f(j - 3, 

x/ ; 1 - 5( 

'd ; 

- 4 f 2s/ pj. 



19. 5cx + n/y - 2 + 2.'^ ; - 2/?/ + 6 - 9^^ ; - 3<s' - 4 + 2r:r ~fy. 

20, — + 7cc? ~ 5q7 ' ; 2)'i/ -f 8^?’ - rr/ ; 2'v/ - ^rp- -|- a7> -- 2r?/. 

29 , Pifferent powers of tlie same letter ai’t' unlike terms ; 
tlius tlie result of adding togetlu'r 2.r'-‘ and lie- eaiinob Le ex- 
pre.ssed Ly a .singU‘ tei-m, Imt must ]»e Irft in tin* form 2j'-' i-:)/-. 

Similarly the algehrai-. .-il sum of - ?nth'\ and - /d is 

na-//-- 3u/d- />h This ex]»ression is in its siui])lest form and 
cannot he abridged. 

Examph. Find the sum of fw:, 2x-, i>x, ~2Ey 2. 

The sum - G.t'^ - 'yx 4 2:r- 4- 5r 2,e‘' - 4 2 

= fJ,d‘ - 2E 2x- - - i)x -1- 5.e 4- 2 

= 4r' “ X- I 2. 

This result is in dtsa ndhuj powers of x. 

30, Tn adding together sexa ral a,lgehrai'*al ex]>ressions con- 
taining terms with ditlerent ])owei’s (tf the saim* lot ter, it will ])(‘ 
found eon\a‘ni(mt to ai’rauge all expiession.s in di'^rntd i n<f or 
ammdinij j)owers of that letter. 44iis will he made clear l»y 
the following exam])le. 

ExmnpJc. 1. Add together 4- 7 -f Gx ~ 5x- ; 2x^ - 8 - 9x; 
4x - 2x" 4- 3x- ; ‘Sx^ - 9x - X“ ; x - x~ - 4- 4. 

Jn writing down the first expression 
we put in the host term the highest 
{)ow(U‘ of X, in th(^ seeoml term the 
iK'Xt highest powau', a,nd so on till th(‘ 
hist term in which a; <lo(;s not appear. 
Th(5 other ('X])rt'ssions are arranged in 
liu; same way, so lliat in eatdi column 
we have like power a of the same letter. 


Zx^ ~ 5a;- -f Gx 4- 7 
2x- - Ox - 8 

- 2x‘'^ 4- ox- + 4x 
3x-‘’ - X- - Ox 

- X -*- X- 4' X 4 4 
3x*^ ~ 2x- -7x4-3 
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IJxampff- 2. Add togtdher 


26-’ H- d '^ ; rm'b - ab'^ - 3a^ ; 4 5?>^' ; - 2a^ 4- 

-26'^ f3rt//- 4- or 

- uli' 4 - t)aV) - oa^ 

5 A'' 4 

_ ah- <W-/> LVrd 
36‘’ + IktJr + 14a“7> 4- 4a‘’ 


Hero each expression contains 
powers of two letters, and is 
arranired aceordin^f to drscf /nl- 
itpi jiowi'i’s of b, and a'^ceiidmfj 
ptiwers of a. 


EXAMPLES III. b. 


Find (he sum of the following expressions: 

1 , ar -i Ih'i/ - 3//‘- ; - ,‘U’- i- xy 4 2;</- ; 2x^ - ?ixy 4 

2, 2.c“ ~ 2x -f- 3 ; ~ 2x- f d:e 4 4 ; x- - 2x - d. 

3, h.r’ t-3’- 1 ; 24- - 2u: -i 5 ; ~ oF' 4 4. 

4 , (V - (irb - i'vdr -( />•' ; ~ (d - 1 i)((lr -t- Ir ; 2(i-‘b oa/r - Ir. 

5, 34’ -■ 9x- ~ 1 1 X 4 7 ; 2x'^ - o.c- 4 2 ; ^rx'^ 4 1 d.r- - 7.'“ ; S.r - 9. 

G, X'' - OX'’ 4 8:>: ; 7 x'' 4- 4j:'’ -i o.r ; S.r' - {)x. ; 2.d ~ 7x'^ - 4x\ 

7, 47/4 -f 2///“ - 5/// 4- 7 ; 3///'’ -i- 6vx - 2 ; - 5?/4 4 3?// ; 2/)i - 6. 

8, ar* - 4/>x’- f o x ; lV>x~ ~ 2rx - d : bx--\-2d; 2ax'^-\-d, 

9, py~ - ‘>7// 4 7 /• ; - 2////- ! 37// - Or ; 7 gy - 4/- ; 377/-. 

10. 7)?/' f 2{)//- 4 3// - 1 ; - 2y 4 o - 7y- ; - 3//- - 4 4 2y^ ~ y, 

11. 2 - ! So - ~ a’* ; 2«’^ - 3a - 4 2a - 2 ; - 3a 4 - 7 a'^ - 5a-. 

12. 1 i 2// -- 3y- ~ ro/'^ ; - 1 4 2//- — 7^ ; 5?/^ 4- oy~ 4 4. 

13. a-:/”" - 3(r’./’- 4 .r : 5x 4 7a'\r‘- ; 4a‘‘x- - a-x‘* - o.r. 

14. ~ dx^y - 5:r‘y' ; Wx^y f 2xh/' -- (rxi/ ; Xry"' 4 6x7/'^ - 

15. - 4a‘-7i 4 Oa/zr : a-/> ~ 10a/>r 4 r' ; IP 4 3fr-7> w- ahc. 

16. tty/' - 0/>yc 4 7('p ; 5 ~ Or/# 4 0 / 7 ^ ; 3 - ‘2ay/' ; 2 ( 7 > - 7. 

1 7 . r" ~ 2(”'^ 4 1 1 d ; - 2d - 3c^* 4 oe’"^ ; 4e’'' - 1 ( )r ; 4e” - 

13^ 4P _ 7 + :]/d ...2h; Ih - f 2 - ¥ ; 2//^ 4 2//^ - 5. 

19, 3x‘' 4 2?/- - 5.r 4 2; 7 x'^ - 5 y/’- 4 7x’ - 5 ; 9x-’' 4 1 1 - 8x 4 ; 

Ox - 7 /“ - 18x”' - 7 . 

20. + 2x7/ 4 3;?/’“ ; 3*/- 4 2//:. 4 //- ; x- 4 3::- 4 2x’:: ; - 0 x 7 / - 3yz ; 

xy 4 x:: 4- yz - O'x - 4y/- ~ 2x-. 



CRAVTVAl lY 


Suivrr.A(rn(>N. 


31. The sim|>lost casrs (»f Suhtrart ion liavo ali<';M]y come 
nmlcr tlie head of adiiition of ti/iC terms, of wiiicli some ar‘e 
negative. [Art. 2u.] 

Thus r)a-t^a~ rirr, 

.‘5(/ -~7(f -- — 4u, 

- - ()o ■ \)(i. 

Since siibtractiuii is the reverse, of addition, 

-}- h —■ h - - () y 

(( --- (( + h — b. 

Now sid)ti’act --b from the h'ft-liand side and erase —h on 
the rieht ; wi^ thus get 

<f -( -J)) -- (f -\~h, 

Tliis also follows directly from the ruh; hu* removing brackets, 
[Art. 25.] 

Thus 3a- (- 5a)--:3a-f 5(« 

8a, 

and - 3a - ( - 5a) - 3a + 5(/, 

= 2a. 

Subtraction of Unlike Terms. 


32. W e may })roceed as in the following example. 


Example. Subtract 3a — 2b — c from 4a — 35 + 5c. 
The difference 


= 4a — 35 4- 5c — (3a — 25 — c) 

— 4(< — .)5 -}- 5c — 'la -j- 25 c 

— 4 a — — o 5 "f" 2 5 "P 5c 4- c 

— a- 54-Oc. 


The expression to b(^ subtracted is 
first enclosed in brackets with a minus 
sign prefixed, then on removal of the 
brackets the like terms are combined 
by tli(5 rules already exclaimed in 
Art. 20. 
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It is, iiioK; coiivoiiieiit to arraiii^o tlie work ay follows, 

the signs of all llic terms in the lower line Being eliangeil. 


4a IU> f 5c 
- i- 2h f n 

by addit ion^ a ~ h \ (>c 


'J’he like' terms are written in 
the same vertical column, and each 
ct)lumn is treated separately. 


Rule. ihaiKje (In' xnju of on'rif ti’rm ni the c.rprestiion to he 
suhtroeted, and (((hi to the other ej'j.)ress(Oit. 


Note. Tt is not necessary that in the exjiression to be subtracted 
the signs should he arlii(dhj changed ; the operation of clianging 
.signs ought to he performed mentally. 


Exaniffh 1. From 5.r- ! X'j take ‘Ju:- ly^. 

5a:- {- xif fbe first colinnn we comliine mentally 

j Sry Ty- -~'lx~, the algu'hraie sum of nhich is 5./-. Jii 

^ the last column the sign of the term - 7//- has to 
3x''~1xy i j p,j changed licfore it is put down in the result. 

Exam pic 2. Subtract fl.e- - ‘J.c from 1 -- 

d'ernis containing dili'erent powei’s of the same letter being unlike 
must stand in ditierent columns. 


4-1 I In the first and last columns, as there is 
rSr- '^x nothing to he suhtracted, the terms are put 

“ down without chang»; of sign. In tlus second 

-a"* - o.r- ■[ *2.r ;■ 1 j mud third columns each sign lias to he changed. 

The re-arrangement of terms in the first line is not /o rv .s.sur//, hut 
it is convenient, because it gives the result of subtraction in descend- 
ing powers of x. 


EXAMPLES IV. 

Subtract 

1. a-i 2h-c from 2a-i-3(} \ c. 

2. 2(f b t c from da - ah - c. 

3, da: ; // - 3 from x 4// j d:. 

4, a: f 8// 4 8 V from 10a: - 7// - (b. 

5, - ni - 3n p from -2(n \ n~3p. 

6, d/-» ‘2r/ i r from 4/> — 7^ I dr. 

7. a- V> - dc from - 4a I 3b i Sc. 

8. “ a - 6 - 9c from - a + 6 - 9c. 

H.A. B 
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Subtract 

9. 3.T-5,y- 7- from *2x -j- 3// - 4c. 

10. - 4a: - Ilf 4- 1 1 c from - a: + ‘2y - 13z, 

11. " - % from X -} 3// - 2c. 

12 . ‘^x - y - 8c from x -1- 2//. 

13. w - 2n - ft from m -|- 2/<. 

14. 2p -liq-r from 2q ~ 4r. 

15. - 2,cd - ftc from - ab - Srd 4- 2ac. 

16. \^ab + ^cd - 'Mic - ^bd from '^ab ^n d - Aac - ^bd. 

17. -XI/ + yz - zx from 2xy -f zx. 

18. - 2i>q - Zqr -f 4?*.^ from qr - 4/’n. 

19. - -H lL//> - from -11////. 

20. ^"y “ 2xy^ I- 'Sxyz from 2x~y 4 - oxy“ - xyz. 


From 

21. ^ - ox^ 4 X take ar^ 4 ,3a:- - x, 

22. - 2a;-^ - a:*-^ take x^-x^-x, 

23. o4 + - .3o/>r take li' '2(dtc. 

24. - 8 -f G/>c + b-r“ take 4 - 'Abe - AIrrP. 

25. - -y^‘7 + 7yay- take y/“V/ - Aftq- + q'K 

26 . 7 -f- a: - X- take 5 - x 4 - x- f- x‘K 

27. - 4 + x-y - xyz take - 3 - 2x-y 4 1 1 xyz. 

28. - Sa-x- + 5x- 4- 1 5 take 9a-x- - 8x- ~ 5. 

29. yr’ + - ,3/>^r take r' -f 4 3y^(/r. 

30. f "• take x'"’ - 3x- + 1 . 

31 . 2 4 - 3x - 7x^ take 3x- - 3x - 2. 

32. x'^ 4- 1 1 X- 4- 4 take 8x- - 5a; - 3. 

33. 4- 5 ~ 2d^ take 8a'^ 4- 3a- - 7. 

34. x^ 4- 3x‘^ - x'-^ - 8 take 2x^ 4- 3x‘‘^ - x 4- 2. 

35. 1-2x4-3x^ take 7x*^ -4x- 4-3x4- 1. 

36. ^^y^ + yhx take - 3y-cx - 2xyTx - x-yc. 

37. 4a^x2 - 3aa4 4- a^ take 3a^x-4-7a-x^ - a^ 

38. l-x4-x^-a4-x^ take x** - 1 4- x - x'^. 

39. - 8m?^- 4 - 1 5m-w 4 - take - yr* 4 - 8//m^ - 7 

40. 1 take 2y7" - 3y>ry- - 2(/‘^ 

33. Tile follovviii*^ exercise contains miscellaneous examples 
on the foregoing rules. 
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MISCELLANEOUS EXAMPLES I. 

1, When a? = 2, ?/ = 3, k = 4, find tlie value of the sum of 
-3^7/, z‘\ Also find the value of 3:A4 

2. Add together Mt + hc-ca, -ah + ca, ab-2hc + ^ca. From 
the sum take 5ra + hr - ah. 

3„ Subtract the sum of x-jz + ^z and -2i/-2z from the sum of 
2x - 5?/ “ 3:: and - 3a; y \ 4::. 

4, Simplify (1 ) 3 /j - 2J>- ~ (‘2/> - 3/>-). 

(2) Ha - 2/; - {2h -f a) - {a - 56). 

5, Subtract 8c- + 8c - 2 from c*‘ - 1. 


6. When X = 3, a = 2, y = 4, = 0, find the value of 

(1) 2a-'--3aj/ f te'l (2) — . 

% 

7. Add together 3rf--7cn 5 ami 2rr/'^ -f 5a - 3. and diminish the 
result })y 3f/- -} 2, 

8. Subtract 2//- -2 from -26-i 6, and increase the result by 
36 - 7. 

9. Find the sum of 3.r- - 4./‘ I- 8, 2x-H--x-, and 2a’“-2, and 
subtract llie result from 3. 

10. What expression must be added to 5a--3o + l2 to produce 
9a--7? 


11 . Find the sum of 2x, ~ x\ 3.t-, 2, '-5a% -4, 3a*^ - 5.T-, 8; 
arrange the result in aseemling jiowers of x. 

12 . From what expression must the sum of 5fi--2, 3a + a-, and 
7 - 2a be subtracted to pi'oduce 3a“ -f a - 5 ? 

13 . When X - 6, find the numerical value of the sum of 1 - a; + t-, 
2a;- “ 1 , and x - x^. 

14 . Find the value of Cmx -f {2hy - cz) - {2ax - Hhy F 4c;:) - (cz + aa;), 
when a, = 0, 6 = 1, c - 2, a’ = 8, y = 3, s = 4. 

15. Subtract the sum of or^ - 3a;-, 2a;^ - 7a;, 8a; - 2, 5 - 3ar\ 2a;^ - 7 
from x^ + x’^ + x^h 
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16 , What expression must he taken from the sum of 

2p f 8, 2//^ ~ in order to produce 4yd - 3 ? 

17 , What is the result when - 3af' + 2a;- - 11a; f 5 is subtracted 
from zero. 

18 , By how much does h + c exceed h~c2 

19, Find the alge])raic sum of three times the s({uare of a:, twice 

the cube of x, -x^ + x- 2x\ and - a- - x^ + 1 . 

20, Take p'^ - frfun ^pq ~ 4f/-, and add the remainder to the 
sum of ipq-p^ ~ 3ry“ and 2y/“ -f 6^/-. 


21 , vSubtract .3/d + 2/j--S from zero, and Jidd the result to 

22, By how much does the sum of -?/r' f 2w -1, 

2m'* 2 >/r I- 5 , 3 /yi'* i 4w“ + Tun, -t 3 , fall short of 1 1 ///** - Sn/- -t Wtn ? 

23, Find the sum of Sa-'* - 7.r‘// -- ;r//‘, .‘tr'y** [ 2a:‘7/'* + ,5a;y^ 

if ~ Axy^ ^ x-hj% r'-y’4-ay/- { a 7 /‘‘“a;-y + 3a'y, and arrange the 
result in descending powers of x. 

24, To what expression must ,‘b; - 4;r* 4 - 7*r- 4 be added so as to 
make zero ? (Jive the ajiswer in ascending powers of x. 

25, Subtract 7a"“-3a’-0 from unity, and x~ Tut- from zero, and 
ad<l the results. 


26 . When a = 4, />==3, r — 2 , r/=:0, find the value of 

(1) aa'-2bc-ad + :]IM. (2) 

\)a 

27 . Find the sum of rt, -3^7 4o, -5a, 7, -18o, 4a-, -fi, and 
arrange the result in descending powers of a. 

28. Add togetlier 4 f-.3a'- j .'r*, ar*-;/--!!, af*-2a"“ + 7, and sub- 
tract 2;r'' I X- 7 from the result. 

29. If a “5^-31/ 4 s, h- ~2xi-y -oZy r =- a: - .5// | fis, find the 

value of a 4- h - (\ 

30. If 3: ■ ; 2a- - 5a + 3, y= Sa^ + a 4- S, s = 5a- - 6a - 5, find the 
value of x-iy + z). 



CHAT’TER V. 


MULTtl’LKJATION. 

34 . Multiplication in its primary sense signifies repeated 
addition. 

Thus 3 X 5^ 3 taken 5 times 

— 3 -f- 3 + 3 + 3 -f 3. 

Jfere the nndtiplic'r eontains 5 units, and the number of 'times 
we take 3 is the same as the nunilier of units in 5. 

Again (t x b - <i taken b times 

~ a-f (f + o-ho.+ tin? number of terms l>eing/>. 
Also 3 X r> T) X 3 ; and so long as a and b detiote positive whole 
nundtei's it is easy to shew that 

(f Ysb^-b X a. 

lienee (the = a xhx (•—{<( x b) x e-~ b x o x c -- hac 
= bx(<txe)^bx<‘x (X bed. 

Similarly we van show that tin? pro<luct of three ]iositive 
intt‘gral (juantities (t, />, e is the same in whatever order the 
factors are written. 

Example, x 36 = 2 x a x 3 x b - 2 x 3 x a \ h ----- {\nh. 

35 . Wlnui the (juantities to be multiplied tng(*ther are not 
positive whole numbt'rs, the definition of inulti]>licat ion has t.o 
be inodi/ied. F(»r example to multiply 3 by J, we perform on 
3 that operation whieh wlniii j)erfoiined on unity gives i ; that 
is, we must, divide 3 into 7 ecjiial j>arts and take 4 of them. 

liy taking multiplication in this sense, the statement ab~ha 
can b(‘ ext(?nded so as to inchule eveiy case in which a and b 
stand for j»ositive (juantities. 

It follows as in the jn’cvious article that the jnoduct of a 
number of positive factors is the same in whatever oixier the 
factors are written. 

36 . Since, by definition, and a^=^aaaaa ; 

X --- (tau x aaaaa ~ iutaanaaa ~ d'^ ^ ; 
that is, the index of a in the ])i'oduct is the sum of the indices 
of a in the factors of the j noduct. 

Again, 5{r~oa(/, and 1lv‘ ~1aaa ; 

5a‘^ — 5x7x aaaaa 
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When the expressions to he luultiplied together eoatain 
powers of ditlerent letters, a similar method is used. 

Example, x = Cyaaahh x Saabxxx 

= LOa^b'^^x^. 

Note. The beginner must be careful to observe that in this pro- 
cess of multiplication 0 / o/ic letter rainiof. combine in any 
way n'ith those of another. Thus the expression 40(r’6'^x’^ admits of 
no fiirtfier simplification. 

37. Rule. To 7miUiph/ two simjde expressio'ns toycihei^ 
multiply the coejfimehts together and prefix their product to the 
product of the different letters, gi ring to each letter an index eqiud 
to the sum of the indices that letter has in the separate factors. 

The rule may be extended to cases where more than two 
expressions are to be multiplied together. 

Examjile 1. Find the product of x-, x'f and x^. 

The product = x- xx^xx^ = x^+‘’^ x ~ := x^'^. 

The j)roduct of three or moi’e expressions is called the con- 
tinued product. 

Example 2, Find the continued product of 8//‘V, and *6xz\ 

The product = 5xfi'^ x Hyh'^ x = 1 

38. Fy definition, (a + b)77i= m H- -f wi -H ... taken a + h times 

= (gn ■\-7n-]-77i-\- ... taken a times), 
together with {in + m + m 4- . . . taken b times) 

~a77i-\-b7n. 

Also {a — h) 771 = m + m 4- m -f ... taken a ~h times 

= (m + m+m4'... taken a times), 
diminished by (m + m + w + . . . taken b 1 imes) 

—a7n—h7n. 

Similarly (a — 6 + c) m — am — hm 4- cm. 

Thus it apjjears that the product of a compound expression by 
a single factor is the algebraic simi of the pco'tlal products of each 
term of the compound expressloii by that factor. 

Examples. 3(2a -f 36 - 4c) = Ga 4 96 - 12c. 

(4a;- - 7y - 8^) x - Vlx?y^ - 21a;y^ - 24a;y V. 
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V.J 

EXAMPLES V. a. 

Find the value of 

1, 5x X 7. 2. 3 X 2h. 3. X 4. 5a: x 6x^. 

5, Gc'^xTc^. 6. 92/“x5y\ 7. 3m‘^x5m®. 8. ‘la'^ xGa'*. 

9. 3a: X 4?/. 10. 5a x 6h\ H. 4r^ x IxP, 12. x 5^^ 

13. (i((X X 5ax. 14. Sqr x 47 ?*. 15. fih x a?>. 16, Scif^.x 5acf. 

17. (t'^x X a‘^x\ 18. 3ry x 4y^*. 19. a-'lr* x aW. 20. x SaW. 

21. a-’x a'7> X 5a/>'*. 22, x O/rV x 7/>r^. 

23. 5ar'^ X X 1 J x 9x’V“* 24, 7a‘“ x 3//’ x 

25. Ca:!/- X 7^:3“ x a:::^ 26, Sabcd x 5/;ra‘-^ x 4ca^>rf. 

Multiply 

27 . cih-ac by o?c. 28, a:-// - a'-b + 4yr^ by ar^yz^. 

29, 50 “-.3^- l)y 3a/>V. 30. (t-'b - luih {\a by 

31, a---2//‘^ by 3a:^ 32. 2aa:--/A/ + 3 by arxy. 

33. Ip-q - by 2p-. 34. w- + 5?u?? - 3?i" ])y Amhi. 

35. xif~3xh-^l by 1^yz. 36. a'^-.3a-a; by 2a-6a:. 

39. S^ince {a - h)m — am - hm^ [Art. 38,] 

by putting c-diw the place of ?o, we have 

(a - h){c -d) = a{c -d) — h{c — d) 

= (c — d)a — (c — d)h 
= {ac - ad) - {be - hd) 

— ac- ad - he 4- hd. 

If we consider eacli term on tlie right-hand side of this result, 
and tlie way in which it arises, we lind that 

(-{-a)x( + c) = +ac. 

{-h)x{~d)^+hd. 

( — 6)x (-f c) = — he. 

(4-a)x( — o?)= — ad. 

These results enable us to state what is known as the Rule 
of Signs in multiplication. 

Rule of Signs. The product of two terim with like ,^i(jm is 
positive ; the product of two term with unlike sigiis u negative. 
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40 . Tlie rule of sicfns, jukI esjxvi.illr tlie ii.se of ilie iH‘p^ativo 
will prohiJyly p) v (‘Ut .some diiUciilty to tho hvifhnwr. 
Pfuimps the foJJowiiJi; Jiniin ncal instances may Jte useful in illus- 
trating the interpretation that way he given to nniltipJiaition 
by a negative quantity. 

'To loiiltiply 3 l>y —4 we must do to 3 wluit is done to unity 
to obtain -4. Now -4 means that unity is taken 4 tinuss and 
the result made negative : therefore 3x( --4) iinjilies that 3 is 
to be taken 4 times and the }>rodiict made negative. 

But 3 taken 4 times gives -f 12 ; 

3x(-4)--12. 

Similarly -3x -4 fndieate.s that -3 is to be takmi 4 times, 
and tlio sign changed ; the tirst operation gives — 12, and the 
second +12. 

Thus ( - 3) X ( - 4) == + 1 2. 

Hence, rnulfdpUcntion hy a neyntive qnantity huhrates that ?/v» are 
to proceed jc.Hf as if the 'multiplier were positirCy and then change 
the sign of the product. 

£xa,7T}jdt 1. ^Tultiply 4a by — 

By the rule of signs the product is negative ; also 4a x 3?> = 12a7> ; 
4a X ( - 3/>) = ~ 12a/). 


Example 2. Multiply -5a//'a: by -ah^x. 

Here the absolute value of the product is haV>^‘x-^ and by the rule 
of signs the product is positive ; 

( - hab^x) X ( - ali^x) = fm~¥"x-. 


Example 3. Find the continued product of 3a"/), - 2a?lr^ -n¥. 


Sa% X ( - 2a^’lr) - - 6a®/>^ ; 

( - ikr^P) X ( - a/d) = 4- 

Thus the complete pro* 
duct is . 


This result, however, may be 
written down at once : for 
3a“/> X 2a?/)- x a/)* = Or/‘Vx, 
and by the rule of signs tiie re- 
quired product is positive. 


Example 4. Multiply 6a^ - - 4a}r by - 3a/)-. 

The product is the algebraical sum of the partial products formed 
according to the rule eniineiated iu Art. 37 ; 

thus (Ga^ - ~ 4aW) x ( - Zab^) = - 18a^/>^ + + 12a-6^ 
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EXAMPLES V. h. 

Multiply together 

1, a, - 2. 2, - 4a:. 3. - ~ 4. - 5m, 3m’. 

6. “4(7, 6. -4?/, -4y‘*. 7, 3m'^- 8. 4a:^, -4a:^. 

0. -.3a:, -4y. IQ. -Sa^, 4a:. H. ~Hp-,-4q^. 12. 3a?i, -4a6. 

13, 3a2, - ?r, 2a/(. 14. - a, - k - r;2 15^ 3a2, _ 2h, - 4c\ - d. 

16. “ 3a?>, - 4ar, 36c. 17, - 2a‘*, - 3a.“6, - 6. 18, - 2p, - 8(7, 4s, - L 

Multiply 

19, ~ a6 + ac - he by - ah. 20, - - 4aa: + 5a:“ by - a-ar"*. 

21. a“C ~ ac^ + c* by - aV. 22. - 2al) + rd - ef by - 3a:^i/2^ 

41. To further illustrate the use of tlie rule of si^us, we add 
a few examples in substitution where some of the symbols 
denote nei^oitive quantities. 

Example 1. If a = - 4, find the value of a’. 

Here a’ = ( - 4)» = ( - 4) x ( - 4) x ( - 4) = -64. 

By repeated aj)pli(ations of the rule of sii^ns it may easily be 
shown that any odd p(>w<‘r of a nt'gative tpiantity is negative^ 
and any even, power of a nep^ative (juantity is jmiiitive. 

Example 2. If a = ~ 1, 6 = 3, c = - 2, find the value of - 3a'*6c’. 

Here — ZaH)C^ — — 3x( — ll'^xSxf - 2)*^ write down at 

= -8x( + l)x3x(-8) once, (-])*= +1, and 

= 72. (-2f = “8. 

EXAMPLES V. c. 

If a = - 1, 5 = 0, c = - 2, 71 = 1, g = - 3, find the value of 

1, 3c« 2. -5a. 3. 4, (-a)’*. 

6. “3c2. 6. (-^r. ?• -2a3. 8. -ac. 

9o rih. 10. -0^71. 11. -Za\ 12. 4(-cf 

13. Mic". 14. 15. -(“)*• 16. 

17. -oW 18. ««=• 19. -o^c\ 20. c’g*. 
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If a= -4 c = l, 1 = 0, s^ = 5, y- -i, find the value of 

21, 3a-2i/ + 4k\ 22, -4(;~5ar+2y. 23, ~4a\-^y~x, 

24. ax' * - yh 25 . 2ay - kx + 4Jc'. 26, + %'• 

27. -a“-ay + 32/-. 28. ax-yx~cy. 29. + ?/3. 

30. a^-x^- 2y. 31 . cy - 2ac2 + cF. 32. oxy - + 2a“. 

Multiplication of Compound Expressions. 

42. To find the product of a -{-h and c + d. 

From Art. 38 , {a -h h)m = am + hm ; 

replacing m by c + d^ we have 

{a + h){c -\-d) — a{c + d) 4* h{c + d) 

= (e + d^a 4* “i" d)b 

— ac 4- ao? 4- he + hd. 

Similarly it may be shown that 

{a — bfc -1- d) = ac 4- ad — he — hd ; 

{a 4- hfc — d) — ac — ad ^-hc — hd\ 

{a — h)(c — d)~ac- ad — he + hd. 

43. When one or both of the ex))ressions to be multiplied 
together contain more than two terms a similar method may be 
used. For instance 

{a — h-k-c)m—am — 6m + cm ; 
replacing m by x—y, we have 

(a - 6 + c){x -y)= a{x - y) - h{x -;?/) + (fix — y) 

— {ax - ay) - {hx - by) 4- {cx — cy) 

— ax — ay-hx-\- by 4- cx - cy, 

44. The preceding results enable us to state tlie general rule 
for multijdying together any two compound expressions. 

Buie. Multiply each term of the frst expre^ion by each term 
of the second. When the terms multiplied together have like signs, 
prefix to the product the sign 4-, when unlike prefix — ; the 
algebraical sum of the partial products so formed gives the com- 
plete product. 

45. It should be noticed that the product of a 4- 6 and x - y 
is briefly ex])ressed by {a-4-h)[x—y\ in which the brackets 
indicate that the expression <*4-6 taken as a whole is to be 
multiplied by the e:!4)ression x-y taken as a whole. By the 
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above rule, the value of the product is the aJfj^ehraical suni of 
the jm tml products -f-ax, +bx, ~af/, —bi/; the sign of each 
product being detenniiied by tJie rule of signs. 


Example 1. Multiply a; + 8 by a? + 7. 

The product = (a; + 8)(a; + 7) 

= x' + 8a: + 7a; + 56 
= a;“+ lojj + SB. 

The operation is more conveniently arranged as follows : 


a: + 8 
a: -f 7 
a:-+ 8a: 

+ 7a: 4- 56 
by addition, a:'- + 15a: 4 56. 


We begin on the left and work 
to the right, placing the second 
result one place to the right, so 
that like tcmis may stand in the 
same vertical column. 


Example 2. Multiply 2a: - by 4a: - 7?y. 

2a; -3y 
4a: -7y 
8a:2- \2xy 

~ 14a7/ + 21y2 

by addition, 8x- - 26xy + 21y^. 


Find the product of 
1, a 4 7, 0-4 5. 

4. y-4, 2/44, 

Y, /: 4 5, “ 5. 

10. a-14, tt4l. 

13. ic-4, ~a:44. 

16. a: -10, -a: 4 8. 

19. 2a-5, 3tt4 2. 

22. By- 5, 1/4 7. 

25. x *6a, 2a: 4 3a. 
28, » - 2a:, 3a 4 2a:. 

31. 3a: -5y, 4a; 4 y. 
34i 2a:- 3a, 2a; + 36. 


EXAMPLES V. d. 

2. x-S,x + 4. 

5, a: + 9, a;-8. 

8, w-9, 7?i+12. 

11. p-10, j> 4l0. 

14. -y + 3, -y-3. 
17. “■l'+4, -I* — 7. 

20. a: -7, 2a; 4 5. 

23. 5m -4, 7m -3. 

26. 3a -26, 2a 4 36. 
29. 76 4 c, 76 -2c. 

32. 2y-3c, 2y + 3::. 
35. 3a: -4y, 2a 4 36. 


3. a-6, a-7. 

6, c — 8, c + 8. 

9. a:-12, a + ll. 

12. d + 7, d + 7. 

15. -a + 4, -a + 5. 
18. -y-7,-y-7. 

21. .3a: -4, 2a: 4 3. 
24. 7p-2, 2/?47. 

27. 5c ^ 4d, 5c - 4d. 
30, 2a - 5c, 2a 4 5c. 

33. a:y 4 26, a-y - 26. 
36. rr\n-p,2xy+3z. 
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46, We shall iiuw give a few examples of greater difliciilty. 

Examph 1. Kind tiie product of oK“-*2a;-5 and 2a’ -5. 

Each term of the first expression is 
multiplied by 2a’, the first term of the 
second expression ; then each term of the 
first expression is multiplied by - 5 ; like 
terms are placed in the same columns and 
the results added. 

Example 2. ^lultiply a - b 1 3c by a } 2Z>. 

a - b + 3c 

a + 2b 

a-- a/H-3ac 

2ab ~2lr{~()bc 

a- + ab + 3ttc - 2//- ijbc. 

47. If the expressions are not arranged ai*eording to powers, 
ascending or descending, <d some eommoii letter, a rearrange- 
nieiit will be found euuveiiieiit. 


2x ^5 
2x - 5 
6x^~~ 4:X--l{)x 
- 15K-+ 10.r + 25 
+25. 


Exainple. Kind the product of 2c 
2a:^~ Sab +46*’^ 

~ 5ft- + Sab 
- lOft^ + 1 rya-’b - 20ft-K- 

+ ija/H)- 9ft‘-5-+12ft6^ 

8ft-K- — 12ft5-’ + 1 

TToftM^ft"^ - 21 ft 26 ^ + mb\ 


+ 45- - Sab and 3ft5 ~ 5ft- + 45'-. 

The re-arrangement is not 
ueressart/^ l)ut convenionl, 
because it makes the collec- 
tion of like terms more 
easy. 


EXAMPLES V. e. 

Multiply together 


1. x2-3a:-2, 2a;-l. 

3. 2r-3y+l, 3y-l. 

5^^ 2ft2-3ft-6, ft-2. 

7, 3^:2 -2a; + 7, 2a: -7. 

9. a:2 + a; - 2, a:2 - a: + 2. 

11, 2ft2 - 3a - 6, a2 - ft + 2. ^ 

13, ft"l-5 — c, ft — 5 + c. 


2. 4ft2-ft-2, 2a + 3. 

4. 3a:2 -f 4a; + 5, 4a: - 5. 

6. 552-25 + 3, -25-3. 
8, 5c- — 4c + 3, — 2c+l. 
10. ~ 1 5> *“ + 5. 

12. 2^’2-;^l«- 1, 

14, ft - 25 - 3c, ft - 25 + 3c. 
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15. + x^ + xy + y*^. 16. - 2aa: -}- a- + 2aa: + 2x^. 

17. ~(i--~ h- - 3c\ 18, x' - 3:c' -x, x- - Sx + 1 . 

19. a‘'-6a + 5, a^^ + Ga-G. 20. 2//' - 4^-^+ 1, 2//~ 4^^- 1. 

21, 57/r + 3--4m, 5~4m + 3m-. 22. H(v'-2a-~Sa, 3a-4-l- 5a. 

23. 2x + 2x^ - 3x^ 3x + 2 + 2x\ 24. - a%‘\ a?V^ - + b\ 

25 . OE.'* + + 3aa;- + 3a-a:, a-' + 3aa:- - ar* - 3a-a:. 

26. 5// - 7 )“^ + 4//'^ 2 /> 4- 3, 7 /^ - 2 /) + 3. 

27. - 2m‘* + 3?r«^ - 47/i-, 4?w'' ~ 3m'* + 27/i'*. 

28. + 1 + 6a- - 4a-^ ~ 4 ft, a^ - 1 + 3a - 3a^. 

29. a^ + fr + c'' j ah~^nr,~hc, a~h~c. 

30. ^ + 6a:-y- -f - 4 a:''?/ - 4xy"‘, ~x*-y^~ 6x~y^ - 4a:i/''* - 4:X^y. 

48. Altliongli tbo r(‘siilt of Tonltiplyiiit,^ together two hinoDiial 
factors, siK'h as ,r-f 8 aiwl .r -7, can alw.ays ])e o])taiiie(l by the 
metlKKls aln'ady ex])laiiie(l, it is of the otiuost iin})ortai)ce that 
tlie student should soon learn to write down the ])roduct I’apidly 
by iinpectioi}. 

Tliis is done hy observing in what way the eoethcients of the 
terms in the ])rodu( t arise, and noticing tliai tliey result from 
the eombinatio]! of tin* iiurn(*rical ('oeihcients in the two bi- 
nomials which are multiplied together ; thus 
(.V -I- 8)(.r -f 7) = + 8.r 4- 7.?* -}- 50 
=:.^:Hl5.r-f5(h 

{x - 8)(.^7 - 7) = a-‘- - 8.r - 7x -f 50 
=y'^-15.r4-50. 

(x 4- 8)(.r - 7) = X- + Hx -7x- 50 

-.r-4-^’-50. 

(x ~ 8)'x + 7) = .ar — + 7.r ~ 56 

= - — 56. 

In each of tliese results we notice that : 

1 The product consists of three terms. 

2. The fu st term is the j)roduct of the first terms of the two 
binomial ex])ressions. 

3. Tlie third term is the jwoduct of the second terms of The 
two binomial expressions. 

4. The middle term has for its coefficient the sum of the 
numerical (piantities (taken wdth their proper signs) in the second 
terms of the two binomial expressions. 
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Tlie intermediate step in the work may be omitted, and the 
prtxlucts written down at onee, as in the following examples : 

(.r + 2)(.a* + 3) = .r- 4- 5.r + G. 

(.r - 3 )(t 4- 4) = .77- 4- - 1 2. 

(.r Hh G)(^ — 9) = .r^ — 3.r — 54. 

(.27 — Aj/){x - \0i/)~x^ - 1 4.r?y 4- 40?/^. 

(.27 — iSy){x + 4?/) =: .27^ — %ry — 24?/“-^. 

By an easy extension of these jn-iiuaples we may write down 
the product of any two binomials. 

Thus ( 2.27 4 ^y){x ~y)~ 2jr 4 Xry - %vy - 3//-^ 

= 2.r-+.27/-3?/. 

(3.27 — 4y )(2.27 4 2/) = G.r2 — ^xy + B.r?/ — 42/2 
= 6.27^ - bxy - 4?/^. 

(.27 4 4X^ — 4) — ;272 4- 4.r — 4.27 - 16 
=.272-16. 

(2.27 4- hy)(2.2' - 5?/) =. 4.2’“ 4- 1 0.r?y — 1 0 . 27 / - 25y* 

= 4.rr - 252y-. 


EXAMPLES V. f. 

Write down the values of the following products : 


1. (a + 3)(a-2). 

4. (6-6)(6 + 4). 

7. (c-5)(c44). 

10. {a-3)(a4 3). 

13. (^-6){4*-6). 

16. (p + 9){72-10). 
19. (a7 - 3a)(a7 4 2a). 
22, (a + 4c)(a-f4(’). 
25. (2a7-3)(3a7 + 2). 
28, (3a?42a)(3:i;-2a). 


2. (a-7)(a-6). 

5. (y-7)(2/-l). 

8. (x-9)(a7-.3). 

11. (27-5)(a7-8). 

14. (a-5)(a + 5). 

17. (r. + 5)(z-8). 

20. {a-26)(a42?>). 
23. (c-5r0(c-5d). 
26. (3x-l)(2:r + l). 
29. (6a7 4a)(6a7- 2a). 


3. (a7-4)(27 4r>). 

6. (a-l)(o-- 9). 

9. (y-4)(2/ + 7). 

12. (a47)(a-7). 

15. (c4-7)(c + 7). 

18. (x-9)(a7-f9). 

21. (07 - 4?/)(a: - 4?/). 
24. (p-‘2r/)(p + 29 ). 
27. (5o7-2)(5rr + 2). 

30. (7o7 43y)(7a7-2/). 
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49. 'I'he o1)ject of division is to find out the quantity, called 
the quotient, hy wliich tlu; divisor must be inultijdied so as to 
produee the dividend. 


Division is tlius tlie inverse of multiplication. 

The aliove statement may be briefly written 
(piotieut X divisor = dividend, 
or dividend -fdivisor=([Uotieiit. 

It is sometimes better to express this last result as a frac- 
tion ; thus 


dividend 

divisor 


= quotient. 


Exavrpk 1. Since the product of 4 and x is ix, it follows that 
when 4x is divided by x the quotient is 4, 
or otherwise, 4x-^x = 4. 


Example 2. Divide 27 by 


The quotient 


'Hop _ 21(1(10(10, 
9a^ 9aa.a- 


= 8aa = 3a2 


We remove from the divisor 
and dividend the factors com- 
mon to both, just as in arith- 
metic. 


Therefore 27a®-r9a^ = 


Example 3. Divide 35a*^6^c^ by lah\^. 

Tlie quotient ~ = Scia . c = So-^c. 

la . bb . cc 

In each of these cases it should bo noticed that the index of any 
letter in the quotient is tlie difi’erence of the indices of that letter in 
the dividend and divisor. 
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50. It is easy to prove that the rule of dgm holds for 

division. 

Thus = = = 

a a 

a a 

— a — a 

— a — a 

Hence in division as well as iiiiiltiplication 
li/v ,sif//is prod /((■(' + , 
unlil'v sia/fs pi’oducc — . 

Buie. To divide one simj)le ex]>i essioii l)y anotht'r : 

The index of each letter in the (plot u-nt is obtained bp snht meting 
the index of that letter in the divisor front that in the diridtaui. 

To the result so obtained prefix mth its proper sign the (pwtient 
(f the eoefieient of the dividend htj that of the divisor. 

Example \. Divide 84«’V^ by - 12a^a;. 

The quotient = ( - 7) x I Or at once mentally, 

= -lax- I 84a'V"-f(- -lax-. 

Example 2. - Aim%-x!^-^{ - {)dHixf - bdHtx-. 

Note. If we apply the rule to <livi<le any power of a letter by the 
same power of the letter we are led to a curious conclusion. 

Thus, by the rule a‘^-f =; j 

but also a‘^-r a’^ = = 1, 

a'* 

a«=L 

This result will appear somewhat strange to the beginner, but 
its full significance is ex})lained in the Theory of Indices. 

[8ee Elementary Algebra, Chap, xxxi.] 

Rule. 7b divide a compound expression bp a, single factor^ 
divide each term separately bp that factor^ and take the algehraie 
sum of the partial quotients so obtained. 

This follows at once from Art. 38. 

Examples. (9a: - 12y-f-.3::)4-( -3) = -3a: + 4y-2. 

(36a«6-i _ .24aJ^5 _ 4a‘-'6 = ^ab - 
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EXAMPLES VI a. 

Divide 

1 . 2 ar^ by x-. • 2 . Oa*"’ by 3a. J, 5a^ by ai 

4. 21// by 7//. 5, ^>y 6. -3xf/^ by 3y, 

7, 4/ A/3 by - 2 /)r/. 3. bw/yi by 3m, 9. -/W- by -Im. 

10. - 4S:r» by bx^. 11 . .35-'^ by - 7rA 12. -^a-'b by -76. 

13, - 28/^7 by 28//. 14, - 7x« by 15. by -3zl 

16. - 12 /;-r' by b/AA 17. -O/rii by -/.ii. 13 ^ 2 F'/ by - H. 

19, - />y 20. ~ hy - u7\f/z^\ 

21. - KhHa-b'-^CJr by -7abur. 22. - ti5a'7AA by -7aH>^x^. 

23. ‘br- - 2 a: by a:. 24. 5 a-' 7 > - 7 a/r' }>y ah. 

25. 4S/A/ - 24/>7- by 8 /> 7 . 26. - 15a:"M- 25:a’M)y -5x‘K 

27. x-- xy~xzhy -x. 28. lOa'* - 5a‘-7> f a by -a. 

29. 4.A -} — 10 .r by —4x. 30. 3d’^ — [)aVj-ijab‘^ by —3a. 

When the Divisor is a Compound Expression. 

51. Rule. 1. A rrantfe. Airlsor and dividend in ascetuliny or 
di'sccnditaj //oiver.s (fj srane common letter. 

2 . Id ride the tenn on the. loft of the ditndend hy the term 
on the le ft of the divisor., and }}at the resnlt in the ([notient. 

3. Multi {dy the wiioi.e divisor by this quotient, and qmt' the 
product under the dividend. 

4. iSubtr((et and briny down from the dividend as many terjns 
as may be necessary. 

Repeat these operations till all the terms from the dividend are 
brouyht doum. 

Example 1. Divide 1 lx + 30 by x + 6. 

Arrange the work thus : 

X + 6 ) X- + 1 lx + 30 ( 

divide x-, the first term of the dividend, by x, the first term of the 
divisor ; the quotient is x. Multiply the whole divisor by x, and put 
the product X‘ + Gx under the divulend. We then have 

x + G)x2+llx + 30(x 
X-+ fix 

by sub traction , fix + 30 

On repeating the process above explained, we find that the next 
term in the quotient is +5. 

H.A. 


o 
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The entire operation is more compactly written as follows : 

a; + 6 ) a:- + 1 la; + 30 ( a; 4 - 5 
6a; 

5 a: + 30 
5a; + 30 


The reason for tlie rule is this : the dividend is separated 
into as many parts as may be convenient, and the complete 
quotient is found by biking the sum of all the j)artial (piotients. 
By tlie above process a-- +- 1 1 .r -+ 30 is sepaiated into two ])arts, 
namely a “ + ().r, and 5./;+- 30, and eacli of these is divided by ; 
thus we obtain the partial quotients and +5. 


Example 2. Divide - 65a;y + by 8a; - 3?/. 


Sx-Zy) - 65a;// + 21</- ( 3a; - 
24a;2- 9a;?/ 

- 56a;y + 21y‘-^ 

- 56a;?/ + 21?/2 


iy 


Divide 24a;- by 8a; ; this 
gives 3a;, the first term of the 
quotient. Multiply the whole 
divisor by 3a', and place the 
result under the dividend. 
By subtraction we obtain 


~56a’y + 21?/“. Divide the 6rst term of this by 8a;, and so obtain 
- ly, the second term of the quotient. 


Example 3. Divide 1 Gci" - 46a“ + 39ct - 9 by 8a - 3. 

8a - 3 ) 16a-‘ - 46a- + 39a - 9 ( 2a2 - 5a + 3 
16a^- 6a- 

- 40a- + 39a 

- 40a- + 1 5a 

24a -9 
24a-9 

Thus the quotient is 2a‘^ - 5a + 3. 


EXAMPLES VI. b. 


Divide 

1, a2 + 2a-+ 1 by a + 1. 

3. a;^ + 4a; + 3 by a; + l. 

5, x' + 5x-G by a;-l. 

7. p“ + 3/>-40 by p + 8. 

9, a ' + 5a - 50 by a + 10. 
11 . a;^ + aa;-30a- by a; + 6a. 


2, h^ + Zh + 2 by 5 + 2. 

4. r + 5?/ + 6 by y + Z. 

6, a;- + 2a; - 8 by a; - 2. 

8. q--A(i-Z2 liy <7 + 4. 

10, + 7??? - 78 by m - 6. 

12, a- + 9a5-366- by a +126. 
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Divide 

13, - - 45 by X - 15. 14, 42a? + 441 by a? - 21. 

15. 2x-^ 18x-24 ])y 2x4-3. 16. 5x--flGx-f3 by x + 3. 

17, Ox- -f 5x - 21 by 2x - 3. 18, 12a- + ax - Gx- by 3a - 2x. 

19. --Sx^ + xy + Gy^ by -oc-y. 20. a^?-JI5c- by 2a -5c. 

21. 12^/“ - l^pq+\2q^ by 2;>-12^. 

22. 4m- - 49?i2 by 2m 4- 7«. 

23. 12a‘^- 3 la?; 4 - 20/7-^ by 4a -5?;. 

24. -25x^4-401/- by -5x4-7y. 

25. 21/^4-11/;^" 40^/ by 3/) -f 5^. 

26. 8ar^ + 8x- 4-4x4-! by 2x4-1. 

27. -2x‘^ 4- 13x-~ 17x4 10 by -x45. 

28. x-'^ -1- ax^ - 3a-x - 6a*^ by x-2a. 

29. Ga?'b/ - x-y- - lx\f^ 4 12^"* by 2x 4 3i|/. 

30. 8ar* - r2x‘-^ - 14x 4 21 by 2x - 3. 

52. Tlie process of Art. 51 is ap[)Iicahle to cases in which 
the divisor consists of more tlian two terms. 

Example 1. Divide a^-2a'‘^- 7a--|-8a4 12 by d--a-6. 

a- - a - G ) a'* ~ 2a'‘ - 7 a" 4 8a 4- 12 ( a- - a - 2 
a** - d-^ - Ga- 

- d^ - a- 4 8a 

- a*^ 4 a- 4- 6a 

■'”'"~2a-4 2a4ll2 
-2a- 4 2a 4 12 

Example, 2. Divide dar"* - 5x- 4 Ga?’’ - 1 5 - x** - x by 34 2x- - x. 

First ari rUige cacli of tlie expressions in descending powers of x. 

2a:^ “ X 4 3 ) Gx*''' - x* 4 4a-^ - 5x- - x - 15 ( 3x'^ 4- x- - 2x - 5 
Gx'"^ - 3.r^ 4' Oar* 

2x^ - 5x~* - 5x^ 

2x^ - X** 4- 3x" 

-4x'*- 8x-- X 
-4ar*4 2.x‘-^-6x 

- ]0x-45x- 15 

- lOx- 4 5x - 15 
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Example 3. Divide 23ar - 2r^- 4ar^ + 12 + x’^- 31a: by x^-1x + 5, 

a^-7x + 5)x^- 2x* - 4ar^ + 23a:® - 31a: + 12 ( a:® - 2a: + 3 
x^ -7ar’+ 5a:® 

- 2x*TSxr^+lHx^-Sli 
-2a:^ + 14a:® -10a: 

3arH 4a:®-21a: + 12 

3x^ -21a: +15 

4a:® - 3 

Now 4a:® is not divisible by ar\ so that the division cannot be 
carried on any fnrtlier ; thus the quotient is a:® -2a: + 3, and tlicre is 
a remainder 4a:®— 3. 

In all cases where the division is not exact, the work should be 
carried on until the highest power in the remainder is low^er than 
that in the divisor. 

53. Occasionally it may be found convenient to arrange the 
expressions in ascend hg powers of some common letter. 

Example. Divide 2a® + 10 - 10a - 39a® + loo/* by 2 -4a -5a®. 

2 - 4ft - 5ft® ) 1 0 - 1 Oft - 39a® 4- 2ft® + 1 5ftM T) + 2ft - 3ft® 

10- 20 ft -25ft® 

4ft - 1 4rt® + 2ft® 

4ft.- Hft®-10ft.^ 

- 0a®+12ft=M-15ft4 

- 6a®+ 12ft/'+ 15ft> 


EXAMPLES VL c. 

Divide 

1, ft®-6ft® + l]ft-6 by ft® -4ft + .3. 

2, ar® - 4a:® + a: + 6 by a:® -a: -2. 

3, 7/^ + 3y®-9i^+12 by ?/®-32/ + 3. 

d , 21 - w® + m - 1 by 7wf® + 2m + 1 . 

5. 6ft® -5ft® -9ft -2 by 2ft® -3ft- 1. 

6. 61®' - - 1 4k + 3 by 3P + 4k - 1. 

7. 0a:® + lla:®-39a:-()5 by .3a:® + 13a: + 13. 

8. 12ar®-8fta;®-27ft^a:+18ft® by 6a:®- 13aa: + 6o*. 
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Divide 

9. ^ 1 ^d(P^y - 1 - 1 rry^ by 8a;- 4- 27 xy + 

10. 2\c^ - ^rM-:^cdr-2iP by 7c"-i-3cd + d-. 

11. 3x^ - 10ar^4 12a;--- 11a; 4 0 by 3a;- -a; 4- 3. 

12. 30a^ + 1 la=' -- 82tt- - 12« 4- 48 by 3tt- 4- 2a - 4. 

13. - a;- - 8a; - 1 3 by a;- 4- 3a; 4- 3. 

14. + 3a‘^ 4-0-1 Oa- by - 4a + 3. 

15. 21//i'^ - 27 m - 20m-4-20 by 3?H4-7m"-4. 

16. 18x*’^ f 24a'‘ - 40a‘-x' ~ 9ax’- by 9a;- 4 7a- - 18aa;. 

17. 3(/^ - 4 f 1 0?/- 4 - 3y - 2 by y ' - y- 4- 3y + 2. 

18. 3a’* 4 1 j 1 Oa^ - 4a- by 5a^ - 2a 4 - 1 . 

19. 1 2x’^ 4 5x”’’ - 33a’- - 3a 4 16 by 4a- - a - 3. 

20. ~ 0/'-' I 1 3y/- - 10y> 4- 7 by />- - 3;^ 4 - 2. 

21. 28a^ 4 09a 4 2 - 7 la;” - 3r>a- l)y 4a- + 0-1 3a. 

22. i>a''' - 7a’* - 9a'’ - I la- - 38a 4 40 by - Ha- 4 1 7a - 10. 

23. ar^“8a^ by a- 4- 2tta 4- 4a‘-. 24. y* f9y-4-81 by y--3y4-9. 
25. ar*4-4y^ by a- 4- 2ay 4- 2y’-^. 26. 9a'‘-4a-4-4 by 3a- -4a 4- 2. 

27. + 04 by tt* -- 4a- 4 - 8. 

28. 1 Oa;* 4- 30a- -F 81 by 4a- + Oa -f 9. 

29 . 1 ai'"' - 297/<. - 30 4- 8?7t- - Im' + 0/7/;* by iu ’ - 2//i- 4- 3m - 4. 

30. 1 3a* 4- 22 - 32a'‘ - 30a 4 - bOa- by 3 - 4a + 5a-. 

31 . 3a- 4 - Sab 4 - 4//- 4 - lOac 4- She 4 - 3c:- by a 4 - 2b 4- 3c. 

32. 9a- -- 4y-4-4y:: - ;:*- by -,3a + 2y-s;. 

33. 4c-' - 12c - (P 4- 9 by 2c + d- 3. 

34. 4 - 30y 4 - 25 by - Sp - 4g - 5. 

35. a;^- ar*y 4- ary-- ar" -fa-- by oP-x — y. 

36. a'*’ 4- a*y - a-y- 4- - 2ay- by a-4-ay-y-. 

37. + (^b - 9 - ?>* 4 - 3//’’ 4 - 36 - a* - 3(c;^ - 3a by 3 - b + iP. 

38. + 1 by ar* 4- a- 4 a + 1 . 39. 2a^ 4 - 2 by a" 4- 2a- 4- 2tt 4- 1. 

40. a^ - 6a* - 8a^ - 1 by a^ - 2a - 1. 
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54. Quantities are sometimes enclosed witliiii brackets to 
indicate tliat tliey must all ])e o]>erated njx)n in the same way. 
Thus in the expression -- 36 - (4u - 2/>) the brackets indicate 
thiit the expression 4a — 26 treated as a ichole has to be sub- 
tractetl from 2a — 36. 

It will be convenient here to quote the ruhis for removing 
brackets which have already been given in Arts. 24 and 25. 

When an expression 'within hraehets is preeeded hp the si(pi +, 
the brackets can he removed 'without making aiuj change in the 
expression. 

When an expression 'within brackets is preceded by the sign 
the brackets may be removed if the sign of every term 'within the 
brackets be changed. 

Example. Simplify, by removing brackets, tne expression 
(2a - 36) - (3a -f- 46) - (6 - 2a). 

The expression = 2tt - 36 - 3a - 46 - 6 + 2a 

= a -86, by collecting like terms. 

55. Sometimes it is convenient to enclose within brackets 
part of an exjjression already enclosed within brackets. For 
this puipose it is usual to emj^loy brackets of dilferent forms. 
The brackets in common use are (),{},[]. 

56. When there are two or moie ]>airs of brackets to be 
removed, it is generally best to begin with the innermost ])air. 
Ill dealing with each pair in succession we apply tlie rules quoted 
above. 

Example. Simplify, by removing brackets, the expression 
a ~ 26 - [4a - 66 - {3a - c + (2tt - 46 + c)}]. 

Removing the brackets one by one, 

the expression = a - 26 - [4 a - 66 - {3a - c 4- 2tt - 46 + c}] 

= a - 26 - [4a - 66 - 3a -f- c - 2a + 46 - c] 

= a - 26 - 4a 4- 66 -f 3a - c 4- 2a - 46 + c 
= 2a, by collecting like terms. 

Note. At first the beginner will find it best not to collect termi 
until all the brackets have been removed. 
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EXAMPLES VII. a. 

Simplify by removing bradvets and collecting like terms : 

1. a + 2/) + (2a-3?>). 2. a-\-2h - {2a-Zh). 

3. 2a-.3/.-(2a f2ft). 4. o- 2 - (4 - .3a). 

6. {x - ^y) i- {2x - iy) - {x - Sy), 6. a-h2h-‘A('-{h~a-ic). 

7. {x - :\y + 2z) ~{z-4y + 2x). 8. - {2y + 2x) - {3x - 5y). 

9. 2a -f {b - 3a) - {4a - Hh) - (6?> - 5a). 

10 . 7n-{n~ p) ~ {2m - 2p + ,3w ) - - m + 2p)» 

11. a - h + c- (a + c - ?^) - (a + h f c) - (5 + c - a). 

12. 5a: ~ {ly 4- 3a:) - {2y 4- 7a:) - (,3a: + Siy). 

13. (;> - q) ~{q~ 2p) 4- {2p ~q)-{p- 2q). 

14. 2x“ ~ (3/ ~ - (a:- - 4/). 

15. - 2?^“) - (2?l- - Zmr) - (.3771- - 477“). 

16. (x - 2a) - (x - 2h) - {2a - a' - (25 4 x)}. 

17. {a f 35) - (5 - 3a) - {a 4- 25 - (2a - 5)}. 

18. i»>“ - V - {if + 2 // 2 ) - {jo 2 4 . - {2p- - q-)}, 

19. [y4-{x-{y-x))\ 20. (a-5)-{a-5-(a4-6)-(a-5)}. 

21. p~ {p - {q + 2 >)-{p~ {2p - v)}]. 

22. 3x - .V - [x - {2y -z)~ {2x -{y - ::)}]. 

23. 3a- - [6a- - {85^ - {9c- - 20")}]. 

24. [3a - {2a - (a - 5)}] - [4a - {3a - (2a - 5)}]. 

57. A coefficient placed before any bracket indicates that 
every term of tlie expression within the bracked, is to be inidti- 
[)lied by that coefficient ; but when theuv are two or more 
brack(*ts to be eonsidei’ed, a j)retixed (‘oetlicieut iinist be used as 
a multiplier only when its own bracket is being removed. 

Examples 1 . 2x + 3(x - 4) = 2x 4- 3x - 1 2 = 5x — 1 2. 

2. 7x-2(x~4) = 7x-2x' + 8 = 5a:4-8. 

Example 3. Simplify 5a - 4[10a 4- 3{x -a- 2{a 4- x)}]. 

The expression 

= 5a - 4[ 10a 4- 3{x - a - 2a - 2x}] 

= 5a-4[10a4-3{-x-3a}] 

= 5a - 4[ 10a - 3x - 9a] 

= 5a - 4[a - 3x] 

= 5a - 4a 4- 12x 
= a 4- 12a:, 


On removing the innermost 
bracket each term is multiplied 
by - 2. I'heii before multiply- 
ing by 3, the expression within 
its bracket is simplilied. The 
other steps will be easily seen. 
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68. Sometimes a line calle<l a vinculum is dniwn over the 
symbols to be connected ; thus a-h-^c is used with the same 
meaning as a - (6 4-c), and hence a - h-\-c—a~h~ c. 

Note. The line between the numerator and denominator of a 

a: ~ 5 

fraction is a kind of vinculum. Thus is equivalent to 

o 

Example 4. Find the value of 

84 - 7[ - 1 1 X - 4{ ~ 1 7a; + 3(8 - 9^^)}]. 

The expression = 84 - 7[ - 1 la: - 4J - 1 7a: 4- 3(8 - {) + 5a:)}] 

= 84-7[-lla:-4{- 17a:4 3(5a’- 1)}] 

= 84 - 7[ - 11a: - 4{ - 17a:+ 15a: - 3}] 

= 84-7[-lla:~4{-2a:--3}J 
= 84-7[-lla: + 8a: + 12] 

= 84-7[-3a:+12] 

= 84421a:--S4 
= 21a:. 

When the beginner has had a little practice the number of steps 
may be considerably diminished. 

Insertion of Brackets. 

59. The rules for insertion of brackets arc the converse 
of those given on ])age 12, and may 1 k‘ easily dedncHMl from tliem. 

For the following equivalents have been established in 
Arts. 24 and 25 : 

a — h - c~a — {l> + c\ 
a — h-\-c — a- {h~c). 

From these results the rules follow. 

Kule. 1. Ally pxirt of an expros^s^ion may he enrloacrl within 
hrarh'ts and the dyn 4- prefixed^ the sign of every term within the 
brackets remaining unaltered. 

Examples. a-h-\-c-d-e^a-h + {e~d-e). 

x^-ax + hx- ab = (a:- - ax) 4- {bx - ab). 

Buie. 2. Any part of an expression may be enclosed within 
brackets and the sign — pref .ved^ provided the sign of every term 
within the brackets he changed. 

Examples. a ~ 5 4* c - - e = a - (fe - c) - (d 4- e). 

xy-ax-hy + ab = (xy - by) ~ {ax - ah). 
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60. Tlie terms of an oxj)rc.ssion can he bracketed in various 
ways. 

Exampk. The expression ax - hx + cx - ay -f by - cy 
may be written {ax - hx) E {cx - ay) -f (by - cy), 

or {ax- hx + cx)-{ ay -hy-\-cy), 

or {ax- ay) - {hx -by) -^{cx ~ cy). 

61. Wlien every term of an expression is divisible by a com- 
mon facto]*, tlie expression may be simplified by dividing eacli 
term by tliis factor, and enclosing the (piotient within brackets, 
the comnion factor being placed outside as a coefficient. 

Thus ar-21-3(.r -T) ; 

and - 2ax -b = x- - 2a {x - 2<i ). 

EXAMPLES VII. b. 

Simplify by removing brackets ; 

1, 3(.r-2//)-2(r-47/). 2, X -H{y -x)-4{x-2y). 

3. 16 -3(2a;-:b-(2iH-3). 4. 4{x + H) -2{1 + x) + 2, 

5. S(x-.S)~(ri-2.r)- 2(a;4-2) ir>(.5-a'). 

6. 2;r - r>(.S.c - 7 i- y) + M2x { 3y - 8) - 7//. 

7. 2a:-5[3a:- 7(4i' - 9)}. 

8. b 3(.r"i/ + xy-^) + y-^-x^ - \\{xhj - xy-) - 1 /, 

9. 4a:--3{a: -(l-?/)-f 2(l-a’)}. 

10. -- [y - “) - [a- -y-z- 2{y + c)l 

11 . or - [x- - {.r- - (r:- ~ x- ~ f) - 2?/-} -\- i/l 

12. 5.r -I- 4(7/ - 2c) ~ 4\x-\-2{y - z)}. 

13. " f {--2h + 3(c - d - e)}. 

14. {o- - (/>" - C“) } - [2ar - {or - {h- - r“)[ - 2{Ir - c^)]. 

15. + 

16. - 2[2;r - {2{x - y) - y] - 7/]. 

17. 3(5 - Ckt) - 5[a;-- 5 ; 1 - :]{x - 5)J]. 

18. 12 ~ [6a, - (7 - a 5) - {,5a 1 (.3 - 2 “a)}]. 

19. h-— {a- + ah — (a- ?>“)} - [a- - {.3a/> ~ {Ir - nr}J]. 

20. 2[4x - {2y + {2x -y)-(x I ?/)}! - 2( -x- y - x). 

21. 20(2 - x) + :){x ~ 7) - 2[x 1 9 - .3{9 ~ 4(2 - x)\l 

22. - 4(a + 2 /) + 24(6 -x)~-2[x^-y + a-Z{y■^-a- 4(6 + ir)}]. 
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23. Multiply 

2x - 3y - 4(.r - 2y) + r>{3a: - 2{x - y)} 
by Ax ~{y- x) - ^2y - 3(a: 4- y)}. 

In each of the following expressions bracket the powers of x so 
that the signs before the brackets may be (1) positive, 
(2) negative. 

24. - cx- + 2x^ - hx^ - x*. 

25. 


MISCELLANEOUS EXAMPLES II 

1. Find the sum of a~2b + c, .3/> -{a- c), - h + l^c. 

2. Subtract I -x^ from 1, and add the result to 2y - x-. 

3. Simplify a-\-2h~ Sc -f {h - .Sa 4 - 2r) - {Sh - 2« - 2c). 

4. Find the continued })roduct of Sx-y^ 2xi/-, - lxy'\ - 5x^y^. 

5. What quantity must br added to pi q to make 2q? And 
what must be added to - Spq to make p- -\-2pq-\-(f*t 

6. Divide 1 - Gar* 4- 5af’ by 1 - a: 4- 3a:^. 


7. Multiply 3/)“ 4- 2a- - oo/i by 2a4-3?>. 

8. When a; = 2, find the value of 1 -x + xr- ^ 

1 4- a: 

9. Find the algebraic sum of 3aar, - 2a,';:, 9ax, - 7xz, 4ax^ - 4ar:^. 

10. Simplify 9a -(2/>-c)4-2f/- (r)a4-3/d ^4c~2(/, and find its 

value when a = 7, ^ 3, c = - 4. 

11. Subtract ax^ - 4 from nothing, and add tlie difference to the 
sum of 2ar^ - 5x and unity. 

12. Multiply 3a7^y - 4a;y\ 4- 2ar*y-;:^ by -6a:-yV and divide the 
result by Sxy^z^. 


13. Simplify by removing brackets 5[a? - 4{a: - 3(2a; - 3a: 4 2)} ]. 

14. Simplify 2a:- - {2xy ~ 3y-) 4- 4y“ 4- {bxy - 2a:-) 4 a:- - {2xy 4 G//-). 

15. Find the product of 2x-*]y and 3a:4-8y, and multiply the 
result by x + 2y. 

16. Find the sum of 3a 4- 26, --5c“2cZ, .Seq-fi/", 6~a+2d, 

- 2a - 36 4 5c - 

17. Divide a::^-4ar'^- 18a:-- lla:42 by x^~7x+l. 

18. if a=-l, 6=r2, c = 0, = 1, find the value of 

a^4ac - - ct^ 4 - a42c 4a“6 42a*. 
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19, Simplify 3[1 - 2{ 1 ~ 4(1 - 3a:)}], and find what rpiantity mu^t 
be added to it to j)rodiice 3 - 8a:. 

20. l>ivide the sum of 10a:-- 7a:(l + a:-) and 3{a:^-f aj^-f 2) by 
3{a;- -f 1 ) ■' (aH- 1 ). 

21, Simplify - 8ar* - (2a:^ - 7) - (a:'* + 5) 4- (3ar^ - a:), and subtract 
the result from 4a;^ - x f- 2. 

22. If tt = 0, 6=1, c=:3, f/=-2, 6 = 2, find the value of 

(1) 3c* (2) {c + a){c - a) i Ir ; (3) e +a*, 

23. Eind the product of 7a:- - i/{x - 2//) and x{7x f i/) - 2^^. 

24, Subtract (a‘^ + 4) + (ct" - 2) from (o.-^ + 4)(a‘‘^ - 2). 


25. Ex{)ress by means of symbols 

(1) 6's excess over c is greater than a by 7. 

(2) Three times the sum of a and 26 is less by 5 than the 

product of 6 and c. 

26. Simplify 

lia- - (4rt - 6-) - j 2a- - (36 - a-) - 26 - 3a } - { C)l> - 7a - (c-- 6-) }. 

27. Find the continued product of 

X- + XI/ + //-, X- ~ xy + ?/-, a:^ - a-y- + y*, 

28. 1 >ivide 4a- - 96- - 4ac -{- by 2a - .36 - c. 

29. if 0=3, 6 = -2, c=r0, r/ =2, lind the value of 

(1) c(a + 6) + 6(a 4- (•) 4 a(c - 6) ; (2) 

30. Fium a rod a 4- 6 inches long 6-c inches are cut olF ; how 
much remains ? 


31. A boy buys a marbles, wins 6, and loses c ; how maii}^ has 
he then ? 

32. Simplify 2a - { ha - [8a - (26 4 - a)] j , and find the value of 

(a - 6)[a- 4- 6(a 4- 6)] when a = 1 , 6 = 2. 

33. I^i vide 1 - 5x^ 4- 4a:® by a:- - 2a: 4 - 1 . 

34. Multiply the sum of 3a:--5a:y and 2xy-y^ by the excess of 
3a:- 4- 2/^ over 2y~ + Zxy. 

35. Express in algebraical symbols 

(1) Three times x diminished by the sum of y and twice s. 

(2) Seven times a taken from three times 6 is equal to five 
times the product of c and ii. 

(3) The sum of on and oi multiplied by their difference is 

equal to the difference of the squares of on and n. 

36. If a = 2, 6 = 1, c = 0, cf = - 1, find the value of 

{d - 6)(c - 6) 4- (ac ~ bdf-\-(c^ - (i)(2c - 6), 



CHAPTER YIIL 


Revision of Elementary Rules. 

[If preferred, this chaj>ter may he })ostponed until the cha]>ters 
on Simple Equations and Pruhlems have been read.] 

Substitutions. 

62. Definition. The square root of any ])r( »posed ex|)r(‘ssiou 
is that quantity whose s(iuare, or seeoml ])ower, is e((ual to the 
given exj>re.ssiun. Thus the scpiare root of 81 is 0, l)eeaus(? T'-==81. 

The square root of a is denoted by or more simply s^!a. 

Similarly the cube, fourth, fifth, root of any expression 
is that quantity who.se tliird, fourth, lifth, itc., power is ecjiial to 
the given ex{)ie.ssioii. 

The root.s are denoted by the symbols Jy, &e. 

Examjdi^s. X/'Il - d ; because .‘F - ‘JT. 

yW'l - 2 ; heeau.-se 2"’ - ,‘)2. 

The root .symbol is also called tlie radical sign. 

Exainjda 1. Find tiie value of 5 wiieji a-Z, />- 1, c = 8. 

5 ^^/(Gcr6'^c) = 5 X ^/(G .T’ x D x 8) 

= 5 X ^/(G X 27 X 8) 

= 5 X \\z X 27 ) X (2 x 8) 

= 5 X G X 4 
= 180. 

Note. An expression of the form /s^/{Grr’6^c) is often written \I Ga'Vdc , 
the line above being used as a vinculum indicating tiie square root 
of the expression iahan as a whole. 

Example 2. If a = ~ 4, ?> = - 3, c = — 1, /= 0, a; - 4, find the value of 
7%/{a-cx) 3 vW^-l ryj{/-x). 

The expression = 7 'V{ - 4)“( - 1 )4 - 3 V( - 3)^( - 1)^ + 0 
= 7^(-G4)-3.v^81 
=.7x(-4)-3xy 
= -55. 
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EXAMPLES VIII. a. 

If fi = 4, f/=], r = 6, rf = d, find the value of 

1. v/'d. 2. vWi. 3. 4. VlW. 

5. 6. 7. ft il/ftae. 8. 

9. - yf he-. 10. S\drV‘d'- - d \^‘2d-l> + \f One. 

If a~-3, h = 2^ c = -l, x--i, y = 0, find the value of 


11. 

JiS~('X. 

12. J'Xu-. 

13. 

\! Mix. 

14. 

15. 

fWnlrrll'. 

16. v'ft.-r-. 

17. 

X’hr'x. 

18. MIr'C. 

19. 

JWar - fcx-i- \l Ircx. 

20. 

\<‘-y + J2( 

i-h - s!\)n-. 


21. If .r=l(K), //-SI, rv=l(>, find the value of 

\/f- V.V+ v'4t. 

22. If «. = -0, /) -- 2, ^r = -4, // -- 0, find the value of 

2\^(trcx ~ 2s'^n.“Vdy •'’//'* j 


Fractional Coefficients and Indices. 


63. Fractional Coefficients. d'ht‘ rwh^i wlneh have boon 
already ('Xplaiiu'd in tin' casi' of iidi'i/ral cfudlicieiits an' sHll 
ajiplicabh* when tlie eoidiieients ar(‘ fraetional. 


FjX(tw})l( \. Find the sum of Jan/ ~ -T~-lxy + 2y-^ 

lx- - xy - Ilf. 


Hx- f Jo'//- \y- 
- X- -‘Ixy -\-2y- 
xy-^iy~ 
\x- ~ Ja:?/ -f \if 


Here eacli column is addctl up separately, 
and the fractional <*oefiieients combined 
by the rules of arithmetic. 


Examyi/e 2. Divide ] a?" ~\ - xy- + //" 1 >y J a: -f J ?/. 

Ix+ly) Ix-^ -I- ^\xir I ( lx- - l,ry + \y- 
I x-y 

- J x-y - I xy- 

I ^ir ^-hy^ 

lxy- + 
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64. Fractional Indices. In all the examples hitherto ex- 

plained the indices have been integers, but expressions involving 
fractional and negative indices such as — 2, 

— 4a“\r — 3.1’^ may be dealt with by the same rules. For 
a complete discussion of the theory of Indices the student is 
referred to the Elementari/ Algehray Chap. xxxi. It will be 
sufficient here to point out that the rules for combination of 
indices in multiplication and division given in Chapters v. and vi. 
are universally true. 

Example \. xx^ = x^ -x^. 

Example 2. a~* x a* = a~ = a® = 1. [See Note, Art. 50. ] 

Example 3. 2a^6 ‘ \ 3a ' M = 6a^ ' ^6 ' « = Mh ~ ^ = 66 ~ I 

Example 4. %x'‘y^ -r x^y^ - Sx^ ~ ^y^ ' - = 3a: ~ 

Example 5. a -J- ah ~ = a " “ " "6^ = a ~ ^6 

It will be seen from these illustrations that the rules for 
combining indices in multiplication and division may be con- 
cisely expressed by the two statements, 

(1) a”»x a” = «’”■"”, (2) = 

where m and n may have any values positive or negative, 
integral or fractional. 

65. We shall now give some exam})les involving compound 

:^ + 4 by 

4 


— 4 

"* -7 by 5-3c"* + 2o*. 

Here the expressions have 
been arranged in descending 
powers of c, and it should be 
noticed that in this arrange- 
ment the numerical terms — 7 
and +5 stand between tho 
terms involving c* and c"*. 


expressions. 

Example 1. M ultiply - ,3; 

2 

a:^-3: 
2a:^-l 
2a: -6; 


2a: - 7a 

Example 2. Multiply c* -f- 2c 
c* -7-}- 2c-* 

2c* +5 -3c-* 

2c‘^-14c*+ 4 

-f 5c* -354- 10c-* 

- 3 + 21c-*-6c-2* 


2c2*- 9c*-34 + 31c-*-6c-2* 
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Examph 3. Divide 

24a;^ - I6x~ * +x^ - 16aj"^ - 5a:^ by - 2a;^+ - 4a;^. 

Arrange divisor and dividend in descending powers of x. 
x^ -2x^ -^x^-\-^x ^)x^ — bx^ + 24 j^ -\^ x ^ - 16.x ^ - 3 - 2a;~^ 


x^~ 2 x* - 


» 4 - 

4x^+ Sx^ 


- Sx'^ + 4x* + IGx^ ~ IGx * 
“ 3x^ + 6x^ 4 1 2x*' - 24x ^ 


- 2x^+ ‘lx^+ 8x * - IGx ^ 

— 2x^-f 4x‘+ 8x ^ - IGx ^ 


EXAMPLES VIII. b. 

1. Find the sum of - }m - + J/<, - 2m - ?i. 

2. Add together \a- ,16+ \c, la - .16, ,1a + iV^+ Jc, -|a4-i^2^6- Ja, 

3. From a + 16 - l,c take la - 6 + .U. 

4. Subtract -4a-+ Ja6 - 16'*^ from ^a-- ^a6+ |6^. 

5. Multiply ix- + iy“ by Ix-ly. 

6. Find the product of .^a+‘-^x+ 1 and 4,x+ ^. 

7. Divide by \x-\y, 

8. Di\ ide a'^ - 2a-6 + -\,’-a6“ - 56-^ by a- - |a6 + §6-. 

9. Simplify l{2x - 3y) - H'Sx + 2y) + ^.^(Tx - by), 

10. Find the sum of 

^r+^ + A?/, -Ir-iy+rV 

11. Find the product of 

ix-y+li^-ly) and i{x-z)- l{y-lx). 

12. Simplify by removing brackets 

\ 8(j-‘)+s{2,-.l(.-‘)}. 

13. Divide - ||x2 + |x - i by |x - i 

14. Subtract ^'^{Ix - dy) from ^(x - 3y) - - 2x). 

15. Add together {x - ly){lx + y) and {2x - ly){lx - y). 

16. Multiply |a^- t«-x+ ^a::^ by |a-2x. 

17. Divide 36a=^ + J 6- + |: - 4a6 - Ga + lb by 6a - J6 - 

18. Simplify 6{x-|(y- ^)}{.K2x-y) + 2(y- 1)}. 
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19. Multiply l>y and verify the result 

when 1, h = 

I 1 ,i I 

20. Multiply X - x'^i/ - + 1 / by u;“ - y~. 

i 2 1 2 111 

21. Divide x^ -h + y hy x'''^ - x^'y^ -f- y“. 

12 11 

22. Find the product of a;D/+y^ and x'"^ - y^- 

23. Multiply a- - u:- by a'^+x"'. 

24. Divide c'^-Sc'~^-3 by c~^-3. 

25. Divide 

^x^y~ - ~ 12a?"^y ' ^ + 25 - 24a; ^'y + 1 (rx ‘\//- I >y ^2x''\i/ ‘ ^ ~ 3 -{- 4.t ^y. 

26. Find the value of (ua;"- + «~^a;)(ax’'' - 3<t~^a:). 

1 _ t 

27. Find the square of - i - a 

28. Find the contimied product of 3a~-7>"^x’, ax'^^ - and (xx^^ ~\-b, 

r> 1 I r 1, ’ ' 

29. Divide a.'-// by 1 ' I a;'’//‘ “• 

30. Multiply a- + 2a " - - 7 by 5 ^ a- - 2a ” 

31. Find tiio value of (3a;''y"“-a;'"y'‘)(a;"y-a-‘‘'y"^). 

Important Cases in Division. 

66. The followin',^ example in division is worthy of notice. 

Examplt. Divide a/’’ -i- //’ i r' — 3a/>c by a-\ b -\ c. 

a + 6 -f c )ci'^ — Zobhc f />■' -I c' ( a'-^ — ab- <ic 4- b“ - be + 
d^+ d^bxd^c 

- dH> ~ d-c ~ 

— (db - a/r “ af)C 

— tdc + «6“ - 2abc 

— d"c - aJtc-ad 

tifr - a be 4- ac“ + 
air 4- (r 4- Ire 

- abc 4- ae^ ~ b-c 

— abc - Ire ~ hc^ 

ae- + bd-\- d 
ad 4- hc'-^ 4- d 

Here the work is arranged in descending powers of a, and the 
other letters are taken aljihabetically ; thus in the lirst remainder 
(i~h precedes a-c, and arc precedes 3aoc. A similar arrangement will 
be observed throughout the work. 
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67. 'riie f()ll(>wiiiL( (‘xainplos in divisiuii nuiy be easily veri- 
fied ; they are of great importance and should be carefully 
noticed. 



.27“ - 
X~i/ 

x~y 


x^ry, 

x--^xy+y“. 


\ x—y 


and so on ; the divisoi' being x—y^ the terms in tl»e (jiiotieiit all 
positive, and tlie indi*x in the dividend either odd <u‘ even. 


II. 


(r+r 

x'+y 
.-+/ 
X -\-y 
x^+f 
\ x+y 


.d - .r\f/ 4 - xy/- ~ x/f +y^, 
.r*' - .r *// -f j;b/- - .r'/p + 


xy‘'>+//\ 


and so on : the divisor being .r-f/A tlie terms in tlie (juotient 
(dternateiy po^iitire and ne(/<(tive, and the ind; x in the dividend 
always odd. 


IIL 


,r“ //- 

x-\-y 

;.4 _ fA 

- — .f^ — irn -f xtr ~ u'', 

x-\-y ^ ^ ’ 

y»0 ^ ^ ^ 

: — A i,"'> - X b/ -f . //“ - j'-/r+x fd - ^r\ 

x-\-y ..... 


and so (»n ; tin* ilivisor being x+y, tbe terms in tin; quotient 
alteniaiely positive and negative, and the index in the dividend 
at ways even. 


IV. The expressions xi^-^y^, ... where the 

index is even, and the terms both positive) are never exactly 
divisible by .r-f v/ or by x-y. 

All these dilhneiit cases may be more concisely stated as 
follows : 

(1) is divisible, by x-y if n be any whole niimlier. 

(2) is^ divisible by x-\-t/ if n be any odd whole number. 

(3) .r" -//" i'^ divisible by .r-1-// if n be any even whole number,. 

(4) .r'‘ + v/'‘ is never divisible by x+y or by x-y, when n is 
an even whole number. 


U.A. 


D 
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Dimension and Degree. 

68. Each of the letters coin})osing a term is called a dimen- 
sion of tlie term, and the number of letters involved is called 
the degree of the term. Tims the product ahe is said t»o be of 
three dimensions^ or of the third deijree ; aiid is said to be of 
five dimensions^ or of the fifth degree. 

A numerical coellicicnt is not counted. Thus and 
are each of sen^en dimensions. 

69. The degree of an expression is tin' degree of the term 

of highest dimensions contained in it; thus 3a — 5 is 

an expression of the fourth degree, and <rx~ih~.r' is an expression 
of the fifth degree. lint it is smn(‘times useful to sj)eak of the 
<limcnsions of an ex{)ression with regal'd !(> some one of the 
letters it involv'es. f'or instanc(! the cxpi'cssion erx-'-- 6x“-f-ex — d 
is said to be of three dimensio)is in x. 

70. A compound expression is said to be homogeneous when 

all its terms are of the same degive. Thus is a 

homogeneous expression of the sixth degree. 

It is useful to notice that the j)roduct of two liomogencous 
ex])ressi()i]s is also homogeneous. 

Thus by Art. 47, 

- Zah 4- 46-) ( - r>a2 + Zah + 462) - 1 i + o 1 dd> - 21 a'di^ + 1 h6k 

Here the j)roduct of two homogimi'ous expressions eacb of 
two dimensions is a homogeneous expression of foui' dimensions. 

Also the quotient of one homogeneous exju’cssion by another 
homogeneous ex])ression is itself liomogencous. 

Foj* instam^e in the example of Art. hfi it may b(‘ noticed 
that the divisor is homogeneous (»f one dimcnsiim, the dividend 
is homogeneous of three dimensions, and the quotient is homo- 
geneous of two dimensions. 


EXAMPLES VIII. c. 

1, Divide o? + 30a6 - 1256-' + 8 by a - 56 + 2. 

2, Divide + y^’ - + Zxyz by x + y-z. 

3, Divide ev' - IP -f 1 4- Zah by a-h + l. 

4, Divide 18cd + 1 + 27c^ - Sd^ by 1 + 3c - 2d. 
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Without actual division write down the quotients in the 
following cases : 


c - 1 

5. 

6. 

+ P 
a~\ h ‘ 

7. 

x'^ - 

X- a' 

8. 

X^ - ff* 

a: -fa 

1+a 

10. 

~2 + b' 

11. 

ev* + b^ 
a + b 

12. 

~ P 
a-b 

13. 

X r .iv 

14. 

a^-x^ 

a -fa; 

15. 

C'+l 

c+l 

16. 

x^ + if 

X- + 

17. Tn the 
2n 

expression 

^ctrlrx - or’ 

+ 20nV,^ 

-lla^-f- 

laV, 



which terms are like, and which are homogeneous ? 

18. In each term of the expression 

7u‘V;r- ~ af)~c ^ J - h-% 

introduce some power of a which will make the whole expression 

homogeneous of the eighth degree. 

19. By considering the dimensions of the product, correct the 
following stateuK^nt 

(8a?- - 0 X 1 / -f- //-){8a:- - 2xi/ - 8//-) = 24ar* - 46a;-?/ -f -f ISxy''^ - 8?/^, 
it being known that there is no mistake in the roejficicnls. 

20. Write down the square of Ha-~2ab-fr, liaving given that 
the coeilicieiits of the terms taken in descending powers of a 
are 9, -12, -2, 4, 1. 

21. Write down the value of the product of 8n‘“/? + - a?/- and 

a/>“ + 8n-7>, liaving given that tlie coelhcients of the terms when 

arranged in ascending powers of b are 25, 0, - 9, 6, - 1. 

22. The quotient of or - ?/■" - 1 - ,8a:?/ by a: y - 1 is 

a:- + xy + x -{- ;?/- - y -i- 1 . 

Introduce the letter into dividend, divisor, and quotient so as to 
make them respectively homogeneous expressions of three, one, and 
two dimensions. 
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SbIPLK Iva^ATlONS. 

71. An eoLUation asserts tliat two ex])ressio]is are equal, hnt 
we do iu>t usually employ the wor<l e<juatiou in so wi<ie a sense. 

Thus the statement + which is <thraj/fi 

true whatever value x may have, is called an identical equation, 
or bricHy an identity. 

The ])ai‘ts of an e(|uati<>n to tht‘ i“ii»ht and left of tin* sipi 
of e(|uality are calhnl members or sides of th(‘ equation, and 
are distinguished as the rtnht .svV/c aiid left 

72. ( Vrtain ('((uations aj'e only true for particular values of 

the syrnbdls employed, ddnis is only tiau* wluui .r--2, 

and is calle<l an equation of condition, <>r mon' usually an 
equation. ( 'onsequmtly an Uh-Dtitfi is an e(p»ation whiith is 
always true whatevm' be the values of the symbols involved; 
whereas an equation (in the ordinary use of th(‘ woi'd) is nidy 
true for />ur//c?//ur values of the symbols. In the ‘abov(' (‘\am]»lf‘ 
S/r — p), tlu! value 2 is said to satisfy the erpiation. The object 
of th<‘ pr<‘S('nt chapter is to explain Imw to trcMt an equation of 
the sim])lest kind in or<ler to discover the value wliidi satisfies it. 

78. The letter whose value it is re<piired to find is (‘alh*d 
the unknown quantity. The ])roe(‘ss of lindim^ its \^aluo is 
called solving the equation. The value so found is calk'd the 
root or the solution of the eipiation. 

74. An efpiation whieh involves the unknown quantity in 
the lirst degree is called a simple equation. It is usual to 
denote? the unknown qiiautity by the letter x. 

The process of solving a simjde cqiiatimi depends only 
upon the fediowiiig axioms: 

1. If to equals we add equals the sums are eepial. 

2. If from eepials we take eejuals the remaimlers are equal. 

,3. If equals are rnultiplie'd by equals tlie jerodnets are equal. 

4. If equals are divided by equals the quotients are equal. 
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75. Consider tlie etjuation 

It is retell irtid to lind what numerical value x must have to 
satisfy tills equation. 

Dividing both sides by 7 we get 

x = [Axiom 1]. 

Siinilaiiy, if - = -0, 

multiplying both sides by 2 , we get 

:r=-12, [Axiom d]. 

Again, in the e([uation 7x — 2 ./;- j;=:2d-fl5 — 10, by collecting 
terms, we have Ix — 28. 

7. 

Transposition of Terms. 

76. To s()lv(' - 8 -X-} 12. 

'I’liis ease dillers fi-oin the preceding in that the unknown 
(piantily ocean’s on both sides of tlu^ lajualion. We can, how- 
ever, transpose any term from one side to the other by simply 
c/anif/infi Its si<j/i. This we proceed to show. 

Subtract x from both sides of the eipiation, and we get 

ox — ~ 8 = 12, • [ Axiom 2] . 

Adding 8 to both sides, we liave 

8 x — X — 12-f8, [Axiom 1]. 

Tlius we set‘. that. 4 x Inis been rmuoved from C)n(‘ side, and 
appears as - x on the other; and -8 has been removed from 
one side and appears as 48 on the other. 

Ihmce we may enunciate the following rule : 

Rule. A ntj (crvi niajj he transposed from one side of the erjuation 
to the other htj chanijinj] its sfyn. 

It a])pears from this that ive mat/ chant/e the sign of every term 
in an egnatioji ; for this is equivalent to transposing all the terms, 
and then making the rigiit and left hand members change 
places. 

Example. Take the equation —3x — 12=: x— 24. 

Transposing, — x4^4=: 3x412, 

or 3x4 12=: —x 4 24, 

which is the original equation with the sign of every term changed. 
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7J. To solve ?-3=£+'^. 

2 4 5 

Here it will be ooiiveiiient to begin by clearing the equation 
of fractional coefficients. This can always be (h >ne 1 ly mill tiply ing 
both sides of the eijuation by the least common multiple of the 
denominators. [Axiom 3.] 

Thus, multiplying by 20, 

1 Oa* — 60 = 5^ + 4 jp ; 
transposing, 1 Oa — 5.r ~ d.c = 6‘0 ; 

a =60. 

78. We can now give a general rule for solving any simple 
equation with one unknown (quantity. 

Rule. First, if necessary/, cl ntr of fractions ; then transpose 
all the terms conUfinita/ the unknou'ti qnautiip to one side of the 
equation., and the knoten quantities to the other. Collect the terms 
on each side; dieide both sides bp the coefficient of the unk)ioivn 
quantity, and the value required is obtained. 

Example 1. Solve 5(a - 3) - 7(6 - x) -f 3 = 24 - 3(8 - a). 

Removing brackets, 5a - 15 - 42 -( 7a f 3 - 24 - 24 4- 3a ; 
transposing, 5a + 7a - 3a - 24 - 24 4- 1 5 + 42 - 3 ; 

9a = 54 ; 

.*. a = 6. 

Example 2. Solve (a + l)(2a - 1 ) - 5a = (2a - 3)(a - 5) 4- 47. 

Forming the products, we have 

2a- 4 a - 1 - 5a = 2a- - 13a -f 15 4- 47. 

Erasing the term 2a" on each side, and transposmg, 
a - 5a 4 - 13a = 15 4 - 47 4 - 1 ; 

9a = 63; 
a = 7. 

79. It is extremely useful for the beginner to acquire the 
habit of verifying, tliat is, ju-oving the truth of Ids results ; 
the habit of apjdying such tests tends to make the student 
self-reliant and confident in his own accuracy. 

Ill the case of simple equations we have only to show that 
when we substitute the value of a in the two sides of the equation 
we obtain the same result. 
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Example. To show that x = 7 mfi^/ies the ef|nation 
{X -f- ] }{2x -])~r)X = {2x - 3)(a: - 5) -4- 47. 

When X ~ 7, the left side {x+ 1 ){2x - 1 ) - 

= (7 + 1){14 - 1 ) - Ih") - (8 X 18) - 85 = 60. 

Tlic right side {2x - 8}(a: - 5) + 47 

= (14 - 8)(7 - r>) 4 47 = (11 X 2) + 47 = 69. 

Tims, since these two results are the same, x = 7 satisfies the 
e( I nation. 

EXAMPLES IX. a. 

Write down the solutions of the following equations : 


1. 

7x = 21. 2. 3.T-I.'). 

3. 9a; =18. 

4. 5a; = 5. 

5. 

i2x 6. 

7. 4a;r.-12. 

8. -10 = -.7.t. 

9. 

4.< = 18. 10. 121—42. 

11. 80= -6a;. 

12. 42: = 0. 

13. 

(11 = 20. 14. 0=lli. 

15. l = lla;. 

16. .'te = -27. 

17. 

0 = -2i. 18. 6i-3. 

19. 5=:15.r. 

20. -24 = -8x. 

Solve the following e(|uaiions 



21. 

6.r4 8 = ]5. 22. 

5a; - 7 = 28. 

23. 1.3 = 7 + 2a-. 

24. 

l^)-87-lla^ 25. 

4a;-7 = ll. 

26. 7a,-=lS-2.r. 

27. 

Xv - ]S^7-2x. 

28. 

= 1.8 -2.»; - 10. 

29. 

Xv---7~2x + X 

30. 0 = 

ll-2j;-|-7-10a;. 

31. 

Hx - 8 - 5./’ - 5 - 7a;. 

32. 7a; 

i;! = 12-.5x-.'i. 

33. 

■ 1 7 t- 8a; - 5 -- 6a; -- 7 ~ S: 

r+IlT). 


34. 

7.a; -2l-4a:+l8 + 2;r -41 - 

5a’ - 7 -l- 6a;. 


35. 

15 7.r~9a;-28 + 14.r - 17 

= 2 1 - 8.r -1-18- 9.a; + Sa;. 

36. 

ha: 6a; + .80-7a; = 2a- 4 10- 

7.1' -1 oj; - 20. 


37. 

r)(a; - 8) = 4(a; - 2). 

38. 11 (.7- 

-4a;) = 7(5 -6a;). 

39. 

.1 / (a; — 1 ) — 4) 4.t/', 

40. 5- 4(i--8) = 3;-2(a;-l). 

41. 

S(a; - 8) - 2(8 - x) = 2{x + 2) 

- 5(5 - a;). 


42. 

4(5 - a;) - 2(a; -- 8) = a* - 4 - 8(a; + 2). 


43. 

?! + + = 1 - 8. 

44. 

x + l. 

45. 


46. 



47 . {x + 8)(2a: - 3) -Qx = {x~ 4)(2a: i 4) -} 12. 

48. (X + 2)(a: + 8) f {x - 8)(a: - 2) - 2x{x + 1 ) = 0. 

49. {2x 1 ){2x + ()) - 7{x ~ 2) 4(.r + 1 )(a: ~ 1) - 9a;. 

50. (:^a; + 1 )“ 4 6 + 1 S(a; 9a;(8a: - 2) + 65. 
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51. Show that X - 5 satisfies the equation 

5:r - ()(.!• 2{x \ r>) i- r)(.r -- 4) - fi. 

52. Show that a? = 15 is the solution of the equation 

7(25 “ :r) - 2x - 1 5 2(5a* 25) - x. 

53. Verifv that a? - 3 satisfies the e(]uation 

2{x !- 1 )(a: I 3)48- (2a' -l 1 ){x + .5). 

54. Show that a' - 4 Satisfies the e( (nation 

(3a: -{- 1 )(2a' - 7) = ()(a: - 3)- 4- 7. 


80 . We shall now' i^ive some equations of ij:;T-enter dififieulty. 

Examph 1 . Solve 5a: -- (4a: - 7)(3a: - 5) = fi - 3(4a: - 9)(.r - 1 ). 

Simplifying, \vc have 

5a: - ( 1 2a:- - 41 a' + 35) -= 0 - 3(4a:- - 1 3a’ 4- 9) ; 
and by removing brackets 

5a’ - 12^- 4 41 :r ~ 35 =r f, _ 1 2a - 4 39.r - 27. 

Krasc the term - 12a:- on each side and transpose ; 
thus 5a: 4 - 4 1 a' - 39a: - (> - 27 1 35 ; 

.4 7a: -14; 

a: - 2. 

Note. Since the - sign befoia* a bracket a fToets every term within 
it, in the first line of work w^e do not remove th(' brackets until vvi' 
have formed the products. 


Examithi 2. Solve 4_~ ^ - ^ 

^ S 22 2 

Multiply by 88, the least common imilti]>le of the (hmominalors ; 
352- 11 (.a: 9)-^ 4a' -44; 
removing brackets, 352 - 11a: j 9‘) - 4a: ~ 44 ; 
traiis])osiiig, - 1 la: - 4a: - -- 44 - 352 - 99 ; 

collecting terms and changing signs, 15a' — 495 ; 

a: - 33. 


Note. In this equation 


^ ^ 

^ * is rci;ar<le(] as a terni wi li 


the minus sign f)cfore it. In fact it is e(juiv.'ilcnt to - J^(a:- 9), the 

vincif] u'Hi OT- line hetw’cen the nnmerator and denoniinatoi* having tho 
same eflect as ;i bracket. [Art. 58.] 


In certain eases it will be foun<l more ef)nveni»‘nt not to multi- 
ply thronghout by the I..(4M. of the denominator-, but t(» clear 
of fractious in two or more steps. 



IX.] 


SIMPLE EQUATIONS. 


57 


Example^. Solve; . ^ I- 

.‘1 35 


3 5r - 32 X -f 0 




2cS' 


Multiplying throughout hy 9, we liave 


transposing, 


3a; - 12 + — ^ ?l=5x- 32 - ; 

35 28 

18x-27,9a; + 8]_, „ 

35 28 “ ■ 


Now clear of fractions hy multiplying hy 5 x 7 x 4 or 140 ; 
72:r - 108 + 45:^ -f 405 = 280ar - 2800 ; 

2800 - 108 + 405 = 280.i^ - I'lx - 45a; ; 

3007 = ir)3a;; 
x = 19. 


81. solve (M|ua1 ions \vhos(; co(‘fficients are decimals, we may 
ex]>ress (he decimals as common fractions, and jn’oceed as ])efore; 
hnt it is often found inon^ siin]de to work entirely in decimals. 

Ex((}np(f. Solve; ‘375.r - 1\S75= 12.e‘ -i 1 ‘185. 

Traiisposing, •.'175a* - 12;/; = 1 *185 + 1 *875 ; 
collecting terms, ( *375 - 12).r = 3*0(> ; 
that is, “255a' - 3 '00 ; 

■ X- — 

•255 

= 12. 


EXAMPLES IX. b. 

Solve the equations : 

1. {x - 1 - ] 5)(a; - 3) - (a; - 3)" = 30 - 15 (.t - 1). 

2. 15 - 3a; = (2.r f I )(2a; - 1 ) - {2:r - 1 )(2.r + 3). 

?. 21 - x{2x + 1 ) + 2(a; - 4 )(.t + 2) = 0. 

4. 3(a; + 5) - 3{2a; - 1 ) = 32 - 4(a- - 5)- + 4a;-. 

5. 3a;- - 7;r- (,r-f-2)(a;-2) = {a;+ l)(a;^ l) + (a;- 3)(a;+3). 

6. {x - ())(2a; - 0) - (1 1 - 2a;)(7 - x) = 5a; - 4 ~ 7(a; - 2). 

7. +:e+:-9=3. 8. = 

5 2 0 4 3 

Q iK + 8 _ ^ a: - 6 T 6.r - 2 3a“ + 5 1 

a, 10 . 
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Solve the equations ; 


11 . 

5 


12 . 

a; 4-3 + '" 

- _ 9 

--^ = 74-2a:. 
o 

13 . 

a; - 6 x 


14 . 

a;+ 12 

x.o'- 

X 

4 6 10* 


~V) 

o 

12 

15 . 

a; + 5 x+l 3-4-3 

9 4“* 


16 . 

11 -(b; 

T) 

0 7a; 

o 

_r>(a;-l) 

___ . 

17 . 

47-(i3:_ , ^v_4(3;-7) 
5 ’ “ ir> * 


18 . 

4 - r>.r 

0 

1 - 2 .r _ 

3 

13 

42‘ 

19 . 

.33; -1 .r-1 2.C 31 

10 4 ^ 3 


20 . 

1 - 2a; 

A — “ 

i 

2-3a;_ 

8 

■M- 

21 . 

4 3 .) 

<>) 1 





22 . 

5 3 4 

D- 

■ 2. 




23 . 

;.(x + 4)-J{x-.9) = ^(Srr 

- '>) 

1'- 

- (i) - \(X 
o 

-2). 


24 . 

h^-Hx)- '(7-2r)H ' 

7 r> ;> 

__ .> 

I 

- ./• -• 

y - Ox-). 




25 . 

l(r+4) -J(-0 |1- 

{5.a; - J) - .\.5a;- 13)4-8. 

0 

26 . 

a; + 1 t)x + 9 a; 4 0 _ 

2~ 2S "2T~ 

.a; -12 

3 ‘ 

27 , 

10a: 4-1 .r 13a; 4 4 
27 s is " 

5(.a--4) 

4 * 

28 . 

:>./■ ;r-7 / . 0. 

4 51 ^ 17 

.r +]0)-l 0. 

4 

29 . 

- V-a;)n-2- '^(t 

i-.''o-)-’(.r-l-4). 

5 

30 . 

11 44 2V11 33^/ 

•+-Vi-"'V 

00 3V 22/ 

31 . 

•7a; -3-35 = 6-4 -3 2a;. 

32 . o.r i 2r)+-l+l*25=*4a’. 

33 . 

3*25,/' - 'To-t = 94-1 '5av 

34, '2.r — ’ 01 . 1 : h 'OOrt.T - 1 1 ‘7. 

35 . 

•5.a; - •(ja; = •75a; - 1 1. 

36. 'he- -S^Kr = ’7 - "3. 


37. the value of x which makes t]»e two cxpnjssions 
(3.11^ - 1 )( la; ~ 11) ami h(2a; - I ){a; - 3) (Mjiiai. 

38. Wb at value of x will mal>(' tin; expression l^x - 3(2a; ~ 1 )(4a: -2) 

equal to 337 - S(3a; ~ l)(a; -f 1) ? 



CHAn^EK X. 


Symbolu’al Kxi*ii£.ssion. 

82. In solving jnoMoins tlic diilir'iilly of 

tlio is to (‘X pif.ss tho of tin* ( jik nI i< »ii l»y 

moans of sym]>ols. A (jucsti(ni proposed in alyi'lnaical syiiidois 
Avill froipiont ly lx* fi.und ]»nzzlino:> ^vlIon a siiiiilai- aril InmAioal 
(piestioii xvoiild pioscnt. no ditlioulty. 'Tlius, the answer to ilie 
(pir.^iion ‘Aind a nninher i^ioatm* than .r l>v may not be stdf- 
t'videnl to the lu-oinner. who woidd of » onrst* laxnlily answer an 
analogous aril hmei ica) (piest.ion, ‘‘tind a nnniher ^rt'afer tlian 50 
byO/^ T1 le proress of addition whieli ^i\i s (lie answer in the 
si'eond ease supplies tlie mx-essaiy hiiit : and, iu,'^t as the number 
which is yrt'ater than 50 hy (i is 50-f-(h so lb' Jiumber which is 
greater tliaji .r by o is j' + a. 

83. din* fdhtwing examples will perlnips In* the Ix'st intro- 
diieti<»)i to the subject of this ehaplt‘1'. Afti'i* the first we leave 
to the student the choice of aiithmetical instances, should he 
liiid them necessary. 

Ejuniji/' 1. l>y how much does a* exceed 17 

Take a mnnerical instance ; “ ]>y how niueli tloes 27 exceed 17 

The answ(.*r ()l»vioiisly is 10, which is equal to 27 ~ 17. 

Hence the (!xc(!ss of :r over 17 is a? - 17. 

iSiinilarly the defeet of x from 17 is 17 -z. 

Examjde 2. If x is one ‘pay't of 45 the other part is 45 - x. 

Example 5. If x is oxm factor of 45 the other factor is 

X 

Example 4. How far can a man walk in a hours at the rate of 
4 miles an hour V 

111 1 hour he walks 4 miles. 

In a hours he walks a times as far, that is, 4^ milea. 
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Example 5. If §20 is dividocl eciually amon^ y persons, the share 
of each is the total sum divided by the number of persons, or §'^-- 

y 

Example 0. Out of a purse containing $x and y half-dollars a 
man spends z quarters ; express in cents the sum left. 

$x—-ix. quarters, 
and y half-dollars =2y quarters; 

the sum left=r (4r-f -y — (pun ters, 

= 25 (4/ + 2y — .' ) cell ts. 

EXAMPLES X. a. 

1. By how much does x exceed 5 ? 

2. By how much is y less than 15 ? 

3. What must be added to a to make 7 ? 

4. What must be added to 0 to make h ? 

6. By what must 5 be multiplied to make a ? 

6. What is the (piotient when 5 is divided by a? 

7. By M'hat must Gx* be divided to get 2 ? 

8. By how much does Gx exceed )2x ? 

9. The sum of two numbers is x and one of the numbers is 10; 
what is the other ? 

10. The sum of three numbers is 100; if one of tliem is 25 and 
another is x, what is tlie third ? 

11. T he ])roduct of two factors is 4x ; if one of the factors is 4, 
what is the other ? 

12 . The product of two numbers is and tjne of them is m ; 
wdiat is the other ? 

13. How many times is x contained in 2y ? 

14. The difference of two numbers is 8, and the greater of them 
is a ; wdiat is the other ? 

15. The difference of two numbers is Xj and the less of them is 6 ; 
what is the other ? 

16. What number is less than 30 by y ? 

17. The sum of 12 equal numbers is 48x ; what is the value of 
each number ? 

18. How many numbers each equal to y must be taken to make 
Ibxy ? 

19. If there are x iiumlmrs eaeli e(pial to 2«, what is their sum ? 

20. 1^ there are 5 numbers each equal to a:, what is their product ? 



X.] 


SYMBOLTOAL EXPIIESSTON. 


61 


21 . If there are x numbers each e(iua] to;), what is their product ? 

22. If there are n books each worth y dollars, what is the total 
cost ? 

23. If n books of equal value cost x dollars, what does each 
cost 

24. How many books each worth two dollars can be bought 
for y dollars ? 

25. ff apples are sold at x for a dime, what will be the cost in 
cents of y apples ? 

26. What is the price in cents of n oranges at six cents a score 

27. If I spend n dimes out of a sum of §5, how many dimes 
have 1 left ? 

28. What is the daily wage in dimes of a man who earns $112 
in p we(‘ks, working d days a week ? 

29. How many days must a man work in order to earn $0 at 
the rate of y diint's a day ? 

30. If persons combine to pay a bill of $>?/, what is the share 
of each in dimes ? 

31. How many dimes must a man pay out of a sum of so as 
to have left 2>():r cents ? 

32. llf>w many persons must contribute ei^ .ally to a fund con- 
sisting r)f so that the subscri])tion of each may equal y (juarters? 

33. How many hours will it take to travel x miles at 10 ipiles 
an hour ? 

34. How far can I walk in p hours at the rate of g miles an hour? 

35. If I ^an walk rn miles in n days, what is my rate per day ? 

3G. How many days wdll it take to travel y miles at x miles 

a day ? 

84. We subjoin a few harder examples wa)rked out in full. 

Example 1. What is (1) the sum, (2) the product of three con- 
secutive numbers of w hich tlie least is ? 

The two numbers consecutive to n are n + 1 and 7/, + 2,; 
the sum = ?i + ( + 1 ) + ( /H- 2) 

And the product = n{n + 1 ){n + 2). 

Example 2. A boy is x years old, and five years hence his age 
will he half that of his father: how old is the father now? 

In five years the boy will be a: + 5 years old ; therefore his father 
wdll them be 2(a;4 o), or 2a? +10 years old; his present age must 
therefore be 2a; + 10 - 5 or 2a; + 5 years. 
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Example 3. A and B arc playin.cj for money ; A begins with .%> 
and B witli q dimcf^. B wins ; exprtjss by an equation the fact 
that A has now 3 times as much as B. 

What B has won .1 has lost ; 

. •. A has p — x dollars, that is 10( p~rr) dimes, 

B has q dimes -fx dollars, that is q-\- Ub: dimes. 

Thus the required equation is 10(j> — x) + 10:r). 


Example 4. A man travels a miles by coach and h miles by train ; 
if the coach go('s at iIh* ial(‘ of 7 miles an lioiir, and t lu' train at 
the rate of 25 miles per hour, how long docs tlic journey take? 

The coach travels 7 miles in 1 hour ; 

1 ......... - hoiir ; 

7 


that is, a - hours. 

7 

Similarly the train travels h miles in 
the whoh'. time occupied is + 


h 

25 

h 

25 


hours. 

hours. 


Example 5. How many men will be required to do in p hours 
what q men do in ?/;> houi s? 

np houi-s is tlui tiim* o<-cnpi(Ml by q men ; 

1 hour (f .up imm ; 

that is, p hours men. 

P 

Thercfoi*c the re(piired numbei- of men is qn. 


EXAMPLES X. b. 

1. Write down three consecutive numbers of which a is the least. 

2. Write down four consecutive numbers of which h is the 
greatest. 

3. Write down live consecutive numhers of which c is the 
middle one, 

4. What is the next odd number after 2a- 1 ? 

5. What is the (^ven number next before 2n ? 

6. Write down the product of thnic odd numbers of which the 
middle one is 2x4-1. 

7. How old is a man wlio will he x years old in 15 years ? 

8. JIow old was a man x y<‘ars ago if his present age is n years? 

9. In 2x years a man will be y years old, what is his present age ? 



X.]. 


SYM BOLIC'AL EXPKKSf^lON. 


63 


10. How old is a man who in x years will bo twice as old as 
his son now aftod 20 years? 

11., .1» 5 ytiars a boy will bo x years old ; what is the ijresent 
a,i;e of his fatiier if he is twice as old as his sou ? 

. 12. A has $m and B has n. dimes; after d has won 11 dimes 
from each iias the same amount. Express this in algebraical 
s> mbols. 

13. A has 25 dollars and B has Id dollars ; after B has won 
:/• dollars he then has four times as much as A. Kxjiress this in 
algebra ical symbols. 

14. How many miles can a man walk in 30 minutes if he walks 
1 mile in x inhiutes ? 

15. How many miles ean a man walk in 50 jiiinutes if he walks 

miles ill y minutes '{ 

16. How long will it take a man to walk }> miles if he walks 
15 miles in 7 hours? 

17. How far can a jiigeon fly in x hours at the rate of 2 miles in 
7 minutes ? 

18. A man travels x mile.s hy boat and y miles hy train, how 
long will the journey take if the train goes 30 miles and the boat 
10 miles an hour ? 

19. -If a: men do a work in fu: hours, ho v many men will be 
ret^uired to do the same work in y hours ? 

20. How long will it take /> men to mow 7 acres of corn, if .each 
man mows r acres a day ? 

21. Write dowm a immher which, when <livided by o-, gives a 
qmdieiit 5 and remainder c. 

22. What is the remainder if x divided by y gives a quotient zl 

23. What is the (juotient if when ni is divided by ti there is a 
remainder r ? 

24. If a bill is shared vHjually among n persons, and each pays 
75 cents, how many dollars does the bill amount to ? 

25. A man has $x in his purse, he pays away 25 dimes, and 
rec(*ives y cents ; exjmess in dimes the sum he lias left. 

26. How many dollars does a man save in a year, if he earns 

a week and spends y quarters a calendar mtiuth ? 

27. What is the total cost of (rx nuts aiid 4x plums, when x 
plums cost a dime and plums are three limes as expensive as 
nuts ? 

28. If oil itii average there are x words in a line, and y lines in 
a page, how many pages will he reijuired for a book which contains 
z words ? 



CHAPTER XL 


Problems leadino to Simple Equations., 

85. The principles of the last chapter may now bo employed 
to solve various })roblenis. 

The method of j)rocednre is as follows : 

Represent the unknown quantit v by a symbol, as :r, and express 
in symbidical lani(iuiL(e the conditions of the (piestion ; we thus 
obtain a simple eipvatiou which can be solved by the methods 
already given in Chapter IX. 

Example I. Find two numbers whose sum is 28, and whose 
difference is 4. 

Let X be the smaller number, then a: + 4 is the greater. 

Their sum is a: + (x’ -l-4), which is to be equal to 28. 

Hence a: { a; f 4 = 28 ; 

2x = 24 ; 

X = 12 , 

and a:+4 = 16, 

so that the numbers are 12 and 16. 

The beginner is advised to test his solution by finding 
whether it satisfies the conditions of tlie question or not. 

Example II. Divide $47 between A, B, so that A may haVe 
$10 more than J?, and B $8 more than (7. 

Let X represent the number of dollars that C has ; then B has 

8 dollars, and A has »-h8-f-10 dollars. 

Hence x+(x4-8)'f (x-l-8+10)=47 ; 

x-|-x*|"8-|-x-i-8*4- 10—47, 

8x=21; 

x=.7j 


SO that G has #7, B #15, A #26. 
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EXAMPLES XI. a. 

1. 8ix times a number increased by 1 1 is c(|ual to C5 ; find it. 

2. Find a number which when multiplied by 11 aiifi then 
diminished by 18 is ecpial to 15. 

3. If 3 be added to a number, and the sum multiplied by 12, the 
result is 84 ; find tlie number. 

4. One number exceeds another by 3, and their sum is 27 ; find 
them. 

5. Find two numbers whose sum is 30, and such that one of them 
is /.greater than the other by 8. 

0, Find two numl^ers wliich difl'cr by 10, so that one is three 
times the other. 

7. Find two numbers whose sum is 19, such that one sluill exceed 
twice the other by 1. 

8. Find two numbers whose sum shall be 20 and their differ- 
ence 8. 

9. Divide $100 betwetiii A and B so that B may have $30 more 
than .1. 

10. Divide $150 between .1, B, and C so that B may have $8 
more than A, and C $14 more than B. 

11. yl, Bj and C have $72 amoii.e; them , » ’ has twice as much 
as B, and B lias $4 less than A ; find tlie siiare of each. 

12. How must a sum of 73 dollars be divided among 4, B^ 
and C\ so that B may have 8 dollars less than A and 4 dollars 
more than C 

Example III. Divide GO into two jiarts, so that three times the 
greater may exceeil 100 by as much as 8 times the less falls short 
of 200. 

Let X be the greater pa? tlien GO - x is the less. 

Three times the greater part is 3a% and its excess over 100 is 
Sx - 100. 

Eight times the less is 8(60 - x), and its defect from 200 is 
200 -8(60 -./•). 

Whence the symbolical statement of the question is 
3a: -100 = 200- 8(60 -x) j 
3a: -100 = 200 -480 + 8a:, 

480- 100 - 200 = 8a; -3a:, 

5a: = 180 ; 

X - 36, the greater part, 

60 - a: = 24, the less. 


and 
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Example V. is 4 years okI(^r than J?, and half jl’s age 
exceeds ime-sixth of l?’s age by 8 yt-aivs; iiud their ages. 

Let X be the Jiuinher of years in Ji'a age, then ^t’s age is x + 4 years. 

One-half of yl’sage is represented by i(J-f4) years, and one-sixth 
of J5’s age by years. 

Hence I {x + 4 ) - Jx =8 ; 

multiplying by 6 - 48 ; 

2x=SC>; 

.f=18. 

Thus i?’s age is 18 years, and H’s age is 22 years. 

13. Divide 75 into two parts, so that three times one part may 
be double of the otlier. ‘ 

14. Divide 122 into two parts, .such that one may be Jis much 
above 72 iis twice the other is below dO. 

15. A certain number is doubkal ami then increased by 5, and 
the result is less by 1 tliaii three time.s the number ; iind it. 

16. How much must be added to 28 so tliat the resulting number 
may be 8 times the added jiart ? 

17. Find the number whose duuhle exceeds its half by 0. 

18. What is the number who.se .seventh part exceeds its eighth 
part by 1 ? 

19. Divide 48 into two parts, so that one part may be three- 
fifths of the other. 

20. D v4, H, and (7 have $70 between them, and H’s money is 
double of /i’s and O’s one-sixth of H’s, what is the share of each ? 

21. Divide 8511 between H, />, and C', so I hat H's share shall be 
one-thirdof H’s, and C”s share three-fourths of yrsand 7/s together. 

22. H is 10 years younger than A, and one-half If a age is equal 
to one-third of H’s ; how old are tliey 

23. A is 8 years younger than />, and 24 years older than C ; 
one-sixth of H’s age, one-half of />’s, and one-third of (7’s together 
amount to 38 years ; find their ages. 

24. Find two consecutive numbers wlmse jiroduct exceeds the 
square of the smaller by 7. [See Art. 81, Ex. 1.] 

25. The difference between the .stpiares of two consecutive 
numbers is 31 ; find the immbers. 

86. We shall now give examples of somewhat greater 
difiiculty. 

Example I. A has $0, and B has six dimes ; after B has won 
from A a certain sum, A has then five-sixtlis of what B has ; how 
much did B win ? 
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Suppose that B wins r dimes, A has then 00 -.x dimes, and B 
has (H-a*. dimes. 

1 1 euce 00 — x - ■? (0 -f x) ; 

360 — Oa; = 30 -f Oo:, 
lla;r::330; 
x=S0, 

Therefore B wins 30 dimes, or $3. 

Example II, A is twice as old as B, ten years ago he was four 
times as old ; what arc tlieir present ages ? 

Let B\s age be x years, then vl’s age is 2x years. 

Ten yt^ars ago their ages were respectively a; 10 and 2a;— 10 
years ; thus we have 

2x-10=r4(ar-10) ; 

2./;-10-4a;~40, 

2a; =30 ; 

.a;=15, 

so that B is 15 years old, A 30 years. 

EXAMPLES XI. b. 

1, A has $12 and B has $8 ; after B has lost a certain sum to A 
his money is only three-sevenths of A's ; how much did A win ? 

2, A and /? begin to play each with $15; if they play till B’s 
money is four-eh;venths of yl’s, what does B lose ? 

3, A and B have $28 b(;twcen them ; A gives $3 to B and then 
finds he has six times as much money as B ; how much had each 
at first ? 

4, A had thri'c times n much money as B ; after giving $3 to 
B he had only twice as much ; what had each at first ? 

5, A father is four times as old as his son ; in 10 years he will 
only be twice as old ; find their ages. 

6, A is 20 years older than B, and 5 years ago A was twice as 
old as B ; find their ag('s. 

7, How old is a man whose age 10 years ago was three-eighths 
of what it will be in 1 5 years ? 

8, A is twice as old as B ; 5 years ago ho was three times as 
old ; what are their present ages ? 

9, A father is 24 years older than his son ; in 7 years the son’s 
age will be two-fiftlis of his father’s age ; what are their present 
ages ? 
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Example III. A person spent $66.40 in buying geese and 
ducks ; if each goose cost 7 dimes, and each duck 3 dimes, and if 
the total number of birds bought was 108, how many of each did 
he buy ? - 

In questions of this kind it is of essential importance to have all 
quantities expressed in the same denomination ; in the present 
instance it will be convenient to express the money in dimes. 

Let X be the number of geese, then 108— x is the number of ducks. 

Since each goose costs 7 dimes, x geese cost lx dimes. 

And since each duck costs 3 dimes, 108— x ducks cost 3(108— x) 
dimes. 

Therefore the amount spent is 

7x+ 3(108 -x) dimes. 

But the question states that the amount is also $56.40, that is 664 
dimes. 

Hence 7x+-I(108-x)=:564 ; 

7x + 324 — 3x = 664, 

4x=240, 

x=00, the number of geese, 
and 108— x=48, the number of ducks. 

Note. In all these examples it should be noticed that the un- 
known quantity x repre.sents a vwnher of dollars, ducks, yt^ars, etc. ; 
and the student must l)e careful to avoid beginning a solution with 
a supposition of the kind, “let x=:A’s share” or “let x=the 
ducks,” or any statement so vague and inexact. 

It will sometimes be found easier not to put x ectual to the 
quantity directly required, but to some other (juantity involved 
in the question ; by this means the eipiation is often simplified. 

Example IV. A woman spends $1 in buying eggs, and finds 
that 0 of them cost as much over 26 cents as 16 cost under 76 cents ; 
how many eggs did slie huy ? 

Let X be the price of an egg in cents ; then 9 eggs cost 9x cents, 
and 16 eggs cost IGx cents ; 

9x-25=75-16x, 

25x=100; 

x=4. 

Thus the price of an egg is 4 cents, and the number of eggs 
= 100-4=25. 

10 . A sum of $30 is divided between 60 men and women, the 
men each receiving 75 cents, and the women 60 cents ; find the 
number of each sex. 
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11 ., 'Hie price of l.> yards of cloth is as niiich less than $10 as 
tlic price of 27 yards exceeds $20 ; hud tlie i)rice per yard. 

12 . A hundredweight of tt;a, wortli $08, is made up of two 
sorts, part worth 80 cents a pound and tlie rest worth 50 cen^s a 
pound ; how much is tliere of each sort? 

13 . A man is liired for 00 days on condition tliat for each day 
he works he sliall n^ceive $2, but for each day tliat he is idle he 
sliall ])a.y $1 hu' his board : at the end he received $tX) ; how many 
days had he worked ? 

14. A sum (if $0 is made ui) of 00 coins, which are eithwr quar- 
ters or dime's ; how many are there of each ? 

15. A sum of $11.15 was paid in lialf-dollars, quarters, and 
ilimes ; the number of Iialf-dijllars used wjus four times the number 
of (juarters and ten times the number of dimes; Imw many were 
there of each ? 

16 . A person buys coffee and tea at 40 cents and 80 cents a 
pound ri^spectively ; he s])ends $15.10, and in all gets 24 lbs. ; how 
much of each did he buy ? 

17 . A man sold a horse fora sum of money which was greater 
by $08 than half tlie price he paid for it, and gained thereby $18; 
wliat did he pay for the horse ? 

18. 4’wo boys have 240 marhh's between mem; one arranges 
his in heaps of (> eaeh, the other in hea^is of 0 each. There are SG 
heaps altogether ; how many marbles has each ? 

19 . A man’s agt; is four limes the combined ages of his two suiis, 
one of whom is tiiree times as old as the other ; in 24 years their 
combined ages will be 12 years less than their father’s age ; find 
their respective ages. 

20. A sum of money is divided between thna^ persons, A, /», and 
C, in such a. way that A and B liave $42 between them, B and G 
have $45, and G and A ha' e $55; wliat is the share of each ? 

21 . A person bought a number of oranges for $5, and finds that 
12 of them cost as much over 24 cents as 10 of them cost under 60 
cents ; how many oranges were bought ? 

22 . By buying eggs at 15 for a ipiarter and selling them at a 
dozen for 15 cents a man lost $1.50 ; find the nuiuber of eggs. 

23 . 1 bought a certain number of apples at four for a cent, and 
three -fifths of that number at three for a cent; by selling tliem at 
sixteen for live cents I gained 4 cents ; how many apples did I buy ? 

24. if 8 lbs. of tea and 24 lbs. of sugar cost $7.20, and if 3 lbs. 
of tea cost as much as 45 lbs. of sugar, liiid the price of each pel 
pound. 
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25 , V our dozen of port and tliree dozen of slierry cost $89 ; if 
a bottle of port costs 2*> cents more than a bottle of slierry, find the 
price of each per divzen. 

26 , A man sells 50 acres more than the fourth part of his farm 
and has remaining 10 acres less than the third ; find the number 
of acres in the farm. 

27 , Find a number such that if we divide it by 10 and then 
divide 10 by the number and add the quotients, we obtain a result 
which is eijual to the (juotient of the number increased by 20 when 
divided by 10. 

28 , A sum of money is divided between tlirt‘e persons, A, /?, 
and O, in such a way that A receives $10 inon^ than om^-half of 
the entire amount, It receives $10 more than one-third, and C the 
remainder, which is $10; lind the amounts receivc*d by A and It. 

29 , Tlie difference between two numbers is 15, and the (piotient 
arising from dividing the greater by the less is 4 ; find the numbers. 

30 , A pei’son in buying silk found tluit if he should pay $5.50 
per yard he would lack $15 of having inom^y (‘uough to pay for it ; 
lie therefore jairehasei I an interior (piality at $2.50 per yard and 
had $25 left ; how many yards did he buy ? 

31 , Find two numbers which are to each other as 2 to 5, and 
whose sum is 100. 

32 , A man’s age Is twice the combined ages of his three sons, 
the eldest of whom Is 5 times as old as the youngest and 'j times as 
old as the second son ; in 10 yi^ars tlu‘ir combimal ages will be 4 
years less than their father’s age ; lind tluur respective ages. 

33 , sum of $54.50 was giviui to some men, women, and 
children, each man receiving $2, each woman $1, and each child 
50 cents. The number of men was 4 less than twiei^ the number of 
women, and the numher of children w;is 1 more than twice the 
number of women ; find the total numher of persons. 

34, A man bought a number of apples at the rate of 5 for 
3 cents, lie sold four-liftbs of them at 4 for 3 cents and the 
remainder at 2 for a cent, gaining 10 cents ; how many did he 
buy ? 

35, A farm of 350 acres was owned by four men, A, i?, <7, and 
D. B owns five-sixths as much as A, V four-fifths as much as 
and D one-sixth as much as A, I?, and € bjgether ; lind the num- 
ber of acres owned by each. 
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Elementary Fractions. 

Highest Common Factor of Simple Expressions. 

b8. Definition. The highest common factor of two or 
mon^ expression.'^ is tlio exjne.ssioii of Jiii'liest diiaeii- 

sions [Art 08] which divides each of them witlioiit remainder. 

The ahhreviation is sometimes used instead of the 

words hiijhest common factor. 

89. In ihe case of simple expressions the higliest common 
factor can be writt(ni down by inspection. 

Example 1. Tlie In’ghcst common factor of a'*, a^, a-, is a®. 

Example 2. The higln'St common factor of a'^lre is 

; for n- is tlie higliest power of a that will divide rt-, n ; 
/d is the highest power of h that will divide h\ lf\ // ; and c is not a 
common factor. 

90. Tf the expressions have numerical coefficients, find by 
Arithnu'tic their greatest common measure, and prefix it as a 
coelHcient to tlu^ algebraii'al highest common factor. 

Example. The highest common factor of 21ftbr7/, dr)rt“X'*y, 2^a^xy 
is ’]d-xy ; for it consists of the product of 

(1) the greatest common measure of the nnmeri<jal coefficients ; 

(2^ the highest power of each letter which divides every one of 
the given expressions. 


EXAMPLES XII. a. 


Find the highest common factor of 


1, 2a/rb 2. 3. hr"-, h/dc. 4. 4x'% 2xy^x^, 

ad/y-c, a;^hc\ 6. 0<d)c. 7. ^xy. 8. Mof, 


9. 

11, 8ax, lOc'h-x-. 

13, 14 he-, ffdhad, offh-c. 

16 i Vlxfh., bXxyz^^ 'Mx^yz. 


10 . ^ x^ipz ^ , 2 1 x^^yz^. 

12, dh'^y^ Ir^xf, cx^}f, 

14, Ih.r-?/, 

16, 33a‘^h%'^, ahV’, 
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Lowest Common Multiple of Simple Expressions. 

91. Definition. Tlio lowest common multiple of two or 
more algebraical expressions is tlio expression of lowest dinien- 
sions which is divisible by each of them without remainder. 

The abbreviation L.O.M. is sometimes used instead of the 
words lowest common multiple. 

92. In the case of simple expressions the lowest common 
multiple can be written down by inspection. 

Example 1. The lowest common multiple of a"’, a-, is 

Example 2. The lowest common multiple of ah'\ aVr is 

for is the lowest power of a that is <li visible by each of the 
quantities a'\ a, e- ; and />" is the lowest power of h that is divisible 
by each of the (quantities /d, /d, If. 

93. If the expressions liave numerical c-oelhcients, find I>y 
Arithmetic their h‘ast common Tmiltipl(‘, and ]:>relix it as a co- 
efficient to the alg(d)raical lowest common multiple. 

Example. The lowest common multiple of 2\a^x'y, 

28a”a:y is i^Oa^x^y ; for it consists of the product of 

(1) the least common multiple of the numerical coefficients ; 

(2) the lowest power of each letter which is divisible by every 

power of that letter occurring in the given expressions. 


EXAMPLES XII. b. 


Find the lowest common multiple of 

1. xyz, 8/'. 

4. 4a-, l^a,hx\ 

7, nin, nl, Im. 8. 

10. p-qr, (fifr, Ipq. H, ir>a:-y, ^oxy:?. 


2. (irlf, ahc. 

5. 4a^f>r\ half. 


3 . ^xyh. 

6. 2rd>, 4xy. 

9. 2i ?/, ,‘b/:, 4'-.r. 

12 . 


13. 21tf\ 81/d, ISrrVd. . 
15. Ifirr/r’, 20axhy, 


14, l)ax^\ Gey, lafx'r'z. 

16. 12}fq\^, l()8/d(/V. 


Find both the highest common factor and the lowest common 
multiple of 

17. 2a/;-, Sa^/;', 4aVc 18. 19. 2ad, 

20. Glaxhj, 'IGxipz^. 21. 32ad/dc, 48a'/>c^ 

22. blw/’/r, pn, "Mump*. 23. 4fia‘*, hGh% 21a<d. 

24. GGa%hx*i 56ab^xy^z, 121ady2^. 
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94. DefinitioNo If a quantity :v ho. divided into h equal 
parts, and a of these j)arts be taken, the result is called tf/e 

Iraction ^ of x. If x be the unit, the fraction of x is called 
h ’ h 


simply “ the fraction ^ ” ; so that the fraction j represents a 

equal partSy h of which make up the unit. 

95. In this cha})ter we propose to deal only with the easier 
kinds of fractions, where the numerator and denominator are 
sirn[)l(j ex})ressions. 

Their reduction and si?npl ideation will be performed by the 
usual arithmetical rule.s. For the proofs of th(!se rules the 
reader is referred to the Eleniemtarij Alqchra for Schoolsy 
Chapter xv. , 

Rule. To rodnee a fraction to its loirest terms: divide 
numerator and. denonu'naior hj/ ever if factor which is common to 
them bothy that is /n/ tlicir hi(jhcst common factor. 

Dividing inimerator and (huioininator of a fraction by a com- 
mon factor is i;alled ('ancellinij that factor. 

Examples, { 1 ) 

( 2 ) 

(3) 


Oa.-r _ 2a 
9ac- 'Ac 
Ixhjz _ 1 
^"^T'yrir 4xz 

Jm*h 
lali-c 1 


EXAMPLES XII. c. 

Reduce to lowest terms : 


1. 

2(1 

4a/; 

p ^a- 

• 9a// 

n 2/»c2 

(itfd 

4. 

2ahc 

8a-/>c-* 

5. 

xifz^ 

X^]fz 

a ] 27nn 

mm- 

rj 14X1/^ 

2i^ 

8. 

9arb 

biaFc' 

9. 

15a2/>V^ 
fSabc^ ‘ 

10. i?'";. 

n ^hxjf 

12. 

Amhi^p- 

lb)n7d})’ 

13. 

1 

45a-W' 

. r>Ca;rV 
77acV‘ 

16. 

42x-?/-c- 

210x^i/^i 
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Multiplication and Division of Fractions. 

96. Rule. To multiple/ ahjchraical fra ci ions : as in Arith- 
metii\ niultij>l)/ toijether all the numerators for a new nunicratar^ 
mid all the denominators for a new denominator. 

,T 7 , *2a 3/>“ 2a.x 5a’ 

Example 1. x , x - = , , = , 

3/> 2arb 2a: ‘Ah x ‘2a~b x 2a: 2rt- 

by cancelling like factors in numerator and denominator. 


Example 2. " >: ' - x "i- r- 1 , 

^ DC- Acv^ Hr 

all tbe factors canccllinj^ each other. 


97. Rule. To divide one fraetion bp another : invert the 
divisor and proceed as in multiplication, 

T7 7 '](d ()c".r 2S/'/-c- 

Kxamph. v_.x^ 


laf 

..brV . 

2^a'V^ 

4a:'7/- 

Oair 

15//-a’y- 

la^ 

6c"a: 

X , - X 

5alr 

\olrnf 

4a’V- 

28a V 


all the other factors cancelling each other. 


EXAMPLES XII. d. 


Simplify the following expressions : 


1. 


a-Ji^ 


2. 

ab 



3. 

2a .r- 

yz^ 

X _v , 


(th 

xip 



2aP ' 

afr' 



Aifz 

4fr-a: 

A 

Oa-a* 

- ,Ub^~c 


K 

AaJr 

^ 1 56V 


n 

7c- 

V 


lair 

I2cu: 


0. 

5b-'C 

^ 9aV 


0, 

Abe- 

i 46c‘ 

To 

a?m ^ 

2rd~ 

< - X 

9?7?y 



8. 

4arh 

X 

;.V7 

2 ^ pq 



V^y 

Aab 

h/?i- 




9a-y 

Ha'di 

’ 


9. 

2dfr 

' 10//- 

X 

. //-*p2 



10. 

^ X 

17//^. 

84/r' 



oajf^ 

4x- 

Ax*' 




zxP 

xdr 

a."'// ■ 


11. 

Sa-z^ 

Oaa:- 

X : 




12. 

156^ 

- — X 

]4(P 

. Sh/-’ 



'M/ 

5a-;: 

2fry 




40c 

abc 

■ 27c- ■ 




Reduction 

to a 

Common Denominator. 


98, 

. In 

order 

to find the 

sum 

or di] 

fferenc 

e of 

any fractions, 

we must, 

as in 

Aritl 

imeti( 

fin 

st r<Ml 

nee tl 

lein 

t( > a i 

r;onimou 


denominator ; and it is most conv^enient t.o take the lowest com- 
mon multiple of the denominators of the given fractions. 
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Exofniplt. Ex{)r(iSH with lowest coniiiioii denominator the fractions 
a h c 
:^xtj 0 .;://:,’ 2yz 

The lowest comiiioii multiple of the denominators is Multi- 

plying]; the numerator of each fraeti«m by tiie fatjtor whieli is recjuired 
to make its denoininator \Sxy7.^ we liave tlie equivalent fractions 

2az h *Mx 
^xyz G.c//r:’ ^Sxyz 

Note. The same result would clearly be obtained by dividing the 
lowest common denominator by each of the tleinnninators in turn, 
and multiplying the corresponding numerators by tiie respective 
quotients. 


EXAMPLES XII. e. 

Express as ecjuivalent fractions with common denominator ; 


X "J./; 

2(1 a 

2. 

It ’Mt 

If ;j//‘ 

3. 

:i(i 

2cf 

4(t 

be 


4. 

X 

'i'j 

, a. 

m ,‘b/i 

6. 

X 2a 

7. 

a 

2a 


8. 

X 

bx 

4/// 5/( 

‘2y X 

1/ 

7/-’ 


%’ 

\r 

a X j 


10. \ 

2a, 



11. 


rt 

h 



b a 





2\) 

2a 

1 1 1 

6c’’ ca' ah 


13. , 

h 

c 


14. 

in 

n 

If ' 


2xy 

:iyz 

zx 



n 

in 



Addition and Subtraction of Fractions. 

99. Rule. To oiUl or sdhtrart fractions: c.cprrss all the 
fractions irifh (lo'ir han st cnm naat (h tioin inator ; fonu the ahfchrai- 
cal sain, of the numerators,, and rctaiji the common denomtnator. 


oa: 

4 (i 

The least common denoininator is T2. 

20]/’ ^ 9a" - 1 4 a.’ _ 1 bx _ 
12 ~ V2~' 


Example I . Simplify '^‘^ 4 


The expression = ‘ 


5x 

4 * 


Exajnple 2. Simplify ~ . 

bx 2x 1 Ox 

m iSah -tSaf> - at) 0 

The expression = .--^ = 0. 
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Example 3. Simplify 
The expression = ^ 


, aiul admits of no further simplification. 


2x _ y 
G(u: - (•// 

Note. The beginner must be careful to distinguish between 
erasing equal terms with different signs, as in i^:\am(>ie u, and 
cancelling equal factors in the course of multipliciition, or in 
reducing fractious to lowest terms. Moreover, in simplifying frac- 
tions he must remember that a factor can only be removed from 
numerator and denominator when it divides each taken as a tvhole. 

Thus in [Jl c cannot be cancelled because it only divides cu 

S(l\- 3 J 

and not the whole numerator. Similarly a cannot be <'ancelled 
because it only divides Gnx’ and not the whole numerator. The 
fraction is therefore in its simplest form. 

When no denominator is expressed the denominator 1 may 
be understood. 

a~ _ 'Sx n- _ 1 2xy - aP 
4y 1 "4y 4y 


Example 4. 3x - 


If a fraction is not in its lowest tcj-ms it should be simplified 
before eouibining it with other fractions. 


Example 5. 


ax 

•2 


x-jf _ ax 

3xy 2 


3 


. :^ax 2x 

fi 


EXAMPLES XII. f. 

Simplify the following expressions ; 

2 . 


a a 
2 3 
a h 

5”G' 
X y 


3 4 


6 . 

10 . 


20 ' 


3 . 

7 . 

11 . 


X 

4“ 


7 21 * 
la \a 
3 y6’ 


4 . 

8 . 

12 . 


3 G 
6a /> 

12 "4* 

ah x“y 
3 ijxy 


13 . 

a 

a ^ a 

14 . 

2x 



15 . 


2a 

3a 

4 ~ 

8 ^12* 

3 

~ G^12* 


xy 

IJZ 

zx' 

16 . 

xy 

5x 

2// ,47/ 

3 8* 

17 . 

24- 

a h'^ 
b ah' 


18 . 

“ + 
p- 

b 

m 

c 

19 . 

a - 

,,.3 

20 . 

a" 

m 

2 “ 

rnP’ 

21 . 

oP 

al)'^ 

h 

22 . 

k*- 

pG 

W 

23 . 

(Px 

dy‘ 




24 . 

(W 


ac 

ti6c* 





CHAPTER XIII. 


SlMtlLTANEOUS EQUATIONS. 


100. Consider the equation = which contains two 

unknown (|uantities. 

Jh' transposition we ^(‘t 

5^ = 23 — 2x ; 

, 1 . 23 - 2.r ,, V 

y = (1). 

From tliis it appears lliat for everv A^alue wo clioose to <^ive 
to .r thi*ro will Im; one eorrespondini^ value of y. d’lnis we shall 
be al)le to lind as many pairs of values as we ])lease which 
Siitisfy the (Mpiation. 

For instanci', if .r~l, then from (1) Ave obtain y = 

Again, if w— —2, then y — ; and so on. 


Wwi if also we liav<‘. a s<‘eond e(piation containing the same un- 
known (piantities, such as 3.r + 4^~24, 

we have from tliis y = (2). 

4: 


If mtw w(‘ seek valu(‘s of ,r and y which sjitisfy hath equa- 
tions, tlie values of // in (1) and (2/ must be identical. 

. 1 ., . 23-2.r 24-3.r 

5 4 

Mul tiply ing across 02 - 8.r =120-1 d.r ; 

7.r = 28; 

.r = 4. 

Substituting this value in the first equation, we have 
8 4- 5?/ = 23 ; 

5 ^ = 15 ; 


.r-4.j 


and 

Thus, if both equations are to be satisfied by the same values 
of and y, there is only one solution possible. 
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101. I^KFiNiTiON. Wlicu t wn or nH)ro (‘qiicatioiis are patisfled 
by the sa7n( values of tlie unknown <juantities tlu'v ar<‘ vailed 

simultaneous equations. 

We proceed to explain the dilFerent methods for solvini^ simul- 
taneous e(pia,tions. In the present duipter we shall coniine our 
attention to the simpler cases in which the unknown tpiantities 
are involved in the tirst degree. 

102. In the exam pi (‘ already worked wa* have used the 
method of solution wliich In'st illustiates the meaning of the 
term iii'i77ult(ineou}i c(poitin7i ; but iii ])ractic<' it will lu' found that 
this is raT‘('ly tin; readiest mode of solution. It must be boiaie 
in mind that since tin* two ecpjations are simultanc'ously true, 
ani/ equation foi‘me<l by combining tlumi will b<‘ .sal islital by the 
values of ,r and // which satisfy tln^ original (Mpiations. (Mir 
olijFct will alw’ays Ik* to obtain an e(piat.imi which involves otic 
only of the unknown cpiantities. 

103. The process by which we cause either of the un- 
known (piantities t(» disappear is called elimination. We shall 
consider tw'o methods. 

Elimination by Addition or Subtraction. 


Example 1 . Solve .‘It f 7// ~ 27 ( 1 ) , 

= ( 2 ). 


To eliminate x we mnltiyily (1) hy 5 an<l (2) l)y ‘1, so as to make 
the coeflicieiits of x in both (^qiia, lions equal. This gives 

]ox f ‘15// 1 .‘15, 

15a; F (>?/ - tS ; 
suhtracting, 29?/ - 87 ; 

y = 

To find X, substitute this vahu^ of y in either of the given 
(quatioiis. 

Thus from (1), 3:i; + 21 - 27 ; 

^ = %\ 

and y ~ *>. j 

Note. When one of the unknowns has heon found, it is immaterial 
which of the ecpiatioiis w^e use to co!Mp](‘.fce the solution. I’hus, in 
the present example, if we substitut e 5 for y in (2), we have 
5a; f 0 10 ; 

a; = 2, as before. 
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Exainjile 2. Solve lx \ *2y ~ ‘il (I), 

5./- 4y= 1 (2 a 


Here it will be more eonveoieiit to eliminate y. 

Multiplying (I ) ]»y 2, ]4.r r4y - 94, 

ami Iroiii (2) bx 4y - 1 ; 

addintj, 19u: - 95 ; 

. . X -5. 

Substitute this value iii (1), 

35f2y = 47; 

y ^ 0, 

Note. Add when the coetfieii'uts of one unknown are ecpial and 
lodik’c in sign ; sutdrart when the et>eltieieiils are etpial and like in 
sign. 


Elimination by Substitution. 


hJj'dmyU ' Solve — ( 1 ), 

( 2 ). 


Here we ean eliminate x by su))stituting in (2) its value obtained 
from (1). '.riius 

bM >'>y t l) = :iy; 

48 - .Soy - 7 =; Gy ; 

41-41y; 

y-i,) 

and from (1) a; -- S. j 

104. Any one (»f tb(‘ nietbo<Is givtm above will be found 
BulVu'ient ; but llnnt' ;ire eert-ain aril hinetieal artihees whieb 
will sometimes .shorteji the work. 


Examph . Solve 28a: - 2Sy = 22 (1), 

GSa: - ooy - 17 (2). 


Noticing that 28 and GS contain a common factor 7, we shall make 
the coellicients of x in the tMo equations equal to the {east common 
midtdjdc of 28 and G3 if we multiply ( 1 ) by 9 and (2) by 4. 

Thus 252a: -207y^ IDS, 

252a:-220y= 68; 
lay = 130 ; 
y = 10, 


subtracting, 
that is, 

and therefore from (1), 
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EXAMPLES XIII. a. 


Solve tlie equations : 


1 . 

a; + y = 19, 

2 . 

xfy = 23, 

3 . 

y = 11, 


x-y= 7 . 


a;-y= 5. 


x-y = - 9. 

4 . 

x^-y - 24, 

5 . 

a; - y = G, 

6 . 

X - y ~ 25, 


x-y - 0. 


X -f y = 0. 


X t y - 1 3. 

7 . 

3a; + 5y = 50, 

8. 

x^-iSy = 18, 

9 . 

4x4 y = 10, 


4a; + 3y = 41. 


3a; + 2// = 41. 


5a; f 7y = 47. 

10 . 

7a; - Gy = 25, 

11 . 

5x + 4y = 7, 

12 . 

3x - 7y = 1 , 


5a; + 4y = 51. 


4a; 4- 5y = 2. 


4x 4 y = 53. 

13 . 

7a;4-5y = 45, 

14 . 

4a’ + 5y = 4, 

15 . 

1 lx - 7// = 43, 


2a; - 3y = 4. 


5x‘ -- 3y = 79. 


2x - 3y = 13. 

16 . 

4a; - 3y = 0, 

17 . 

2a; + 3y = 22, 

18 . 

7 a’ 4- 3y = G5, 


II 

1 


5a; 4 2y = 0. 


7a - Sy = 32. 

19 . 

13a;~y = 14, 

20 . 

9.r-8y = 14, 

21 . 

14a 1 13y = 35, 


2a; -- 7y = 9. 


15a; - 14y = 20. 


21a4 19y = 56. 

22 . 

5a; = 7y/-21, 

23 . 

55a; = 33y, 

24 . 

5a; - 7y = 11, 


21a; - 9y = 75. 


10x = 7y-15. 


lSa= 12y. 

25 . 

13a; - 9y = 46, 

26 . 

Ga; - 5y = 11, 

27 . 

lly - l]a = GG, 


1 

<< 

11 


28a;4 21y = 7. 


7a f Sy = 3. 

28 . 

Gy - ba; = 11, 

29 . 

3a;4 10=5y, 

30 . 

4y = 47 4 3a, 


4a; = 7y - 22. 


7y = 4x413. 


5a = 30 - 15y. 

31 . 

lla;+ 13y = 7, 

32 . 

13a;- 17y == 11, 

33 . 

19a + 17y = 7, 


13x-Mly = 17. 


29x-39y = 17. 


41a + 37y = 17. 


105. We add a few cases in wliich, before proceeding to 
solve, it will be necessary to simplify tbe equations. 

Example. Solve 5(a; + 2y) - (3a; e 1 b/) = 14 (1), 

7a;-92/-3(a;-4y) = 38 (2). 

From (1), 5a;-f lOy- 3a; - 11?/ = 14 ; 

/. 2a;-y=14 (3). 

From (2), lx-9y - 3a; + 12y = 38 ; 

4a; + 3y = 38 (4). 

From (3), (ia; - 3y = 42. 

By addition, 10a; = 80 ; whence a: = 8. From (3) we obtain y = 2. 
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106. Suineliines tlie value of the second unknown is more 
easily found Ly I'liniination than Ly substituting the value of 
the unknown already found. 


Exajnple, Solve 



( 1 ), 

( 2 ). 


(dear of fractions. Thus 
from (1), 42a:-2y+10 = 2Sar-21 ; 


14a -2y = - :U (3). 

From (2), 9y + 12 - 10a- + 25 = lay ; 

.-. lOx- = 37 (4). 


Eliminating y from (3) and (4), we find that 

14 

X = - 

13 

Eliminating x from (3) and (4), we lind that 


107. SinuilLineous (Mjuations may often be conveniently 
solved by coiisideiiiig I and as the iiiikiiown quantities. 


Exani 2 )le. Solve 


+ « = 7 


Multiply (1) by 2 and (2) by 3 ; thus 

10 


X 

y 


- = 21 ; 

X 

y 

adding, 

^® = 23; 

X 

multiplying up, 

46 = 23a; ; 


a; = 2 ; 

ai^d by substituting in f 1 ), 

7, — 3. 

H.A. 

w 
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EXAMPLES XIII. b. 


Solve tlie equations ; 


1. 

1 

II 

2 . 


3. 

x + 

2// = 13, 





"^ + •'*•'' = 4. 


2x 

J' = l. 



2 4 


2 7 


"3 

5 


4. 

^^ + y = l, 

10 ^ 

5 . 

2// ^ 
a; ~ _ I = 0, 

3 

6. 

3x 

5 

- y = 7, 



X 4- o// = 2. 


4.r- 3y = 1. 


4x 

f ru/ = o. 


7. 

fia: = 4//, 

8. 

X — y - 0, 

9. 

u' -} 

y--2, 



il 

j 


'^x-'y = 2%. 






S 5 


32 


4 

(3 


10. 

^(xt3) = 0. 

11. 

11 

1 

12. 

1 

. 1 ^* 

3 

- J = h. 

t 


il 

! 

^ lO 


^(22 + 8 ) = 2 . 


3.r 

- 2y. 


13. 

3(x-2/)4-2(a; + 2/) 

= 15 

, 3(* + 2/)I-2( 

X- - y) = ; 

25. 



14, 

S{x + y-o) = '2{y 

- a:), 

3(.t’ - // -7)4 

■ 2(x 4 y - 

- ‘2) = 

0. 


15. 

4{2x ~ y - (3) :r. - i 

ly - 5), 2(x- ~ y^-\) 4 - Ax ^ 3// + 4. 


16. 

7(2a:-y) + r)(8//- 

4./') -j- 30 — 0, t>(y — 

x-f-3) = 

% - 

■ 2a:). 


17. 

■^rr- - 7 

+ 2 /+ 

4. 18, 

X - 1-J 

’ “ 4 

'^!L' 

lS_‘2a: 

■■■ 

f 3y 

2 ' 

19. 

§+•’ = 7, 

20 . 

?4-^.37, 

21, 

lu 




X y 


a’ y 


X 

y 



6 1 _ 0 ^^ 


7 *^. 13. 


3 




X y 


a; y 


X 

■ y 



108 . order to solve sinmltaneous equations wliicli contain 
two unknown (|uantities we have seen that we must liav(* two 
equations. Siinilarly we tind that in ordtu' to solv(‘ simul- 
taneous e(|uati(ms which contain three unknown (juantities we 
inust have three e(|uations. 

Rule. Eliminate one of the unknowns from any pan of the 
equations^ and then eliminate the same unknonni from another j)air. 
Two equations involciny two unknowns are thus obtained, which may 
he solved by the rules already yiven. The remaininy unknown is 
then found<^by substituting in any one of the given equations. 
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Example, Sr)lvo 

7a;4-5?/-7s= -S 

■ (1). 


4x + 2y - iiz - 0 

.. (2), 


bx—A:i/ + 4z - 35 

.. (3). 

Choose y as the unknown to be eliminated. 


Multiply {•-’) liy 5, 

20a:+10?/- ir).; = 0; 


Multiply (1) by 2, 

14x4-10^-14;;= -16; 


by subtraction, 

6x--.- 16 

.. (4). 

Multiply (2) by 2, 

Hx 4- 4y - i)z - 0 ; 


from (d), 

5x - 4?/ 4- 4.3 = Ho ; 


by addition, 

lHx-2:; = H5, 


Multiply (4) by 2, 

12x-2;; = 32; 


by .subtraction, 

x = X 


E'roni (4) we find 

3 = 2 


an<I from (2), 

.v = -s. 


109. f^oinc modification of the forciroinii rule mav often be 

used with ad\'aiita<^(‘. 



Example. Solve 

| I = = + L>, 

2 (i 7 






3 ' 2 ''• 


From the equation 

2 <; 


wc have 

3x - 7/ = 1 2 

.. (1). 

Also from the equal; 

r, - ’ ‘ ^ + 2. 


wo have 

7x-2z-42 

.. (2). 

And from the cipiation 1 2 ~ 


we have 

2// 4 Hr: -78 

(8). 

Kliminating from (2) ami (.*>), we have 



21x + 4y=2S2; 


and from (1) 

12x - 4y = 48 ; 


whence a; = 10, y = IS. 

Also by substitution in (2) we obtain z 

= 14. 
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EXAMPLES XIII. c. 


Solve the equations : 


1 . 

3a; - 2?/ + s = 4, 

2. 3a; + 4y - 62 = 16, 


2a; + - 2 = 3, 

4a; + y - 2 = 24, 


x+ y + z = S. 

x-Sy-2z=^ 1 . 

3. 

x + 2y + Sz^S2, 

4. X - y + 2 =s 5, 


4:X-~5y + 6z = 27, 

6 a; + 3// + 22 == 84, 


7x + 8y -9z - 14. 

3x-f 4y-52= 13. 

5. 

lx -Ay- 3^ = 0, 

6 , 4a; 13?/- 2 = 0, 


6 a;- 3y + 22 = 12 , 

9a;- y + 52=16, 


3a; + 2?/ - 5c = 0. 

a; + 4y - 32 = 2. 

7. 

3.V - 6 r. - 5a; = 4, 

8 . 3 // +22 +5a;=:. 21, 


22 - 3a; - y = 8 , 

Sa; - 32 + y = 3, 


a; - 2 i/ + 22 + 2 = 0 . 

22 + 2a; -3?/ =39. 

9. 


10, ^ a; - ^ 5 - 2 , 

‘ 2 4-' 6 


* + 2 y+lz=l. 



x+ 2/-92 = 1 . 

2 j/ + 7-l(z-a:). 

11 . 

*ar+l(y + z)= 1 ?, - y) = 

1 1 , * (; - 4a;) j/. 

0 

12 . 

2 a:- J-( 2 - 22 /) = 2 , ’(a: + y)=i(3 

- 2 ), a; = 4?/ + 3z. 

CO 

1±yslz = y-x = x-z = z-Z. 

3 ^ 


14. 

|-|=y+l=^+2'+=+2=o. 



2x - y - z _2y - z - X - X - y _ ^ „ 

■—2 3 “ 4 


?+ 2 , = l, |-z = 3, z + 2y + 3a: + 8 = 0. 


16 . 

16 . 



CHAPTER XTV. 


Problems leading to Simultaneous Equations. 

110 . Examj>les discussed in the last chapter we have 

vseeii that it is essential to have as many ecpiations as there are 
unknown quantities to determine. (\)nse(piently the statement 
of ])roh]en]s which <;ive rise to simnltaneons expiations must 
contain as many inde[>en(hnit conditions, or ditlei‘ent relations 
between the unknown tpiantities, as tliere are quantities to be 
determined. 

Exauiph‘ 1. Find tw<j numbers wdiose difference is 11, and one- 
liftli of whose sum is h. 

Let X he the greater number, y the less ; 


then 

x-if-n 

( 1 ). 

Also 




5 


or 

x+y=45 

(2). 


lly addition 2xr=5(] ; and ])y subtraction 2// =34. 
Tile nund)ers an* therefore 2S ami 17. 


Efifiiiplc 2. If lo Ihs. of tea and 10 lbs. of cxhfee together cost 
^15.7)0, and 25 lbs. of tea and 13 lbs. of coffee together cost $24.55 • 
find the ])riee of each iku- iiouiid. 


Suiqiose a. ]iouml of tea to cost x cents, 

and coffee y 

Then from the question we have 

15.;*+10y = 1550 (1), 

25x+13y=2455 (2). 


Multiplying (1) by 5 and (2) by 3, we have 
75a; + 50?/=7750, 
75x-f3tb/=7305. 
Subtracting, 11^=385, 

y=r35. 

And from (1), 15x + 356 = 1550 ; 

whence 1 5x = 1 200 ; 

x=80. 

. *. the cost of a pound of tea is 80 cents, 
and the cost of a pound of coffee is 36 cents. 
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Example 3. In a })ag contain ini; black ami wliitc balls, half the 
number of white is eijiial to a third of the mimber of ]>laek ; and 
twit'C tlie whole iii]itib(‘r of bails exceeds three times the number of 
black balls by four. How many balls did the bag eojitain '! 

Let X be the numlH-r of white balls, and y the number of black 
balls; then the bag contains x i y balls. 

We have the hdluwing equations : 



2{x -1 //) = :!// + 4 (-J). 

Substituting from (1) in ‘J, we obtain 

4 ; 

whence y = l*2; 

and from {!), x = H. 

Tims there are 8 white and 12 l>laek balks. 

111. In a j)i’o]»l(*m involving tin' digits of a numbcT’ the 
stielt'iit should ('aicfully noli('e tin* t\a\ ir) wliicli tin* value (»f a 
number is algebi-aioally exjuessed in tt'rm ; of its digits. 

(Vuisider u numljer of tbre(‘ digits such as Dio ; its value is 
4 X IdO + 'l X 10 + n. Similarly a luunbei- wliuse digits beginning 
from the left ar-e .r, //, ^ 

— ./• hundreds + y tens + .2 units 

-■U)().r+10// + 5. 

Exampli . A certain number of two digits is Ihtaa; times the sum 
of its dibits, and if 45 be added to it the digits will be reversed ; 
find the number. 

Let X be the digit in the tens’ j>lace, y the digit in the units’ place ; 
tin'll the number will be represiadiMl by HO; i //, ami the number 
formed by reversing the digits will be represented by lOy gx. 


Hence we have the two equations 

\Qx + y ='?^{x-\y) (1), 

and lOxH y j 45 - Idy + x (2). 

From(l), lx--'ly\ 

from (*2), y ~ X = 5. 


From these equations we obtain x = 2, y = 7. 
Thus the number is 27. 
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EXAMPLES XIV. 

1, Find two numiiors whoso sum is 51, and whose difference is 

12 . 

2, d1io. sum of two num])ors is 07 and tlieir differenc(' is 51 ; find 
th(! num))ors. 

3, < hie-fiftJ) of tli(‘ diff(Tom*(‘ of two numbers is 5, and one-third 
of their sum is 17 ; find tin* jnimhers. 

4, One^sixlh of iIh* sum of two nunilxTs is 14, and lialf their 
diffen'iKX^ is l.‘> ; find tin* numbers, 

5, Four she(^l» st'veii eows ar<‘ worth $151, while three cows 
and five slu't']) are W('rllj $<>(>. What, is tlio vaiuo of (“aeli animal ? 

6, A farmer bought 7 liorses and 0 e(>ws for $550. He could 
have, bon, it) it. 10 lioi-ses and 5 cows for tin' same money; tind tlie 
])ric(*. of ea<‘li animal. 

7, Twii'e yl’s a,Li(' (‘Xeeeds tli]-e(‘ times />’\s age by 2 years; if 
th(' sum of their agi's is 01 years, how old an* 1h('y ? 

3, Half of yUs age exceeds a (jiiarter of /^s age by 1 y(‘nr, and 
three-([uartei‘s of /5s age (‘xeeeds .Fs by 11 years : tind the age of 
each ? 

9. Tn eight hours f' walks 5. miles more than /) does in six hours, 
and in seven hoin's !) walks t) mih's mon* than dot's in six hours; 
how many niih's does each walk }»er hour? 

10. In 0 lionrs a er)a.eli fravi'ls one mih* more tlian a trait) does 
in 2 hours, but. in bonrs the train travels 2 mih's more than 
tin* eoaeli does in 15 hours ; tind the rale of each per hour. 

11. A bill of $15 is ])aid with half-dollars and quarti*rs, and 
tlin-e times the iiumher of Iialf-dollars t‘xe<*eds twiet* the number of 
({inirtcrs by U ; how many of each are usi'd ? 

“ 12. A l)ill of $s.7d is ])a.id with ijuarti*rs and dimes, and five 

tinu'S t.lit' number of dimes exem’ds sevtm times the numher of (piar- 
ters by <> ; bow many of i-aeh are used ? 

13. Forty-six tons of gttods are to be earrit'd in carts and \va.g- 
ons, and if is found that this will rtaiuin* 10 wagons and 14 carts, 
or ('Ise 15 wagons and 0 carts ; bow many tons can each wagon and 
(‘a.cli (‘art cai’ry ? 

14. A snm of $1 1.50 is giv(m to 17 hoys and 15 girls ; the same 
amount could lia\ (‘ he(‘ii given to 15, hoys and 20 girls ; tind liow 
iniK'h t'aeh boy a.nd t'ael) girl r(‘eeiv<‘s, 

15. A e(‘rtai)) number of two digits is s(‘V(‘n titnes the sum of 
the digits, and if 5,0 b(* taki'u from tb(* number the digits will he 
reversed ; tind the numher. 
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. 16 . A certain number of two is four times the sum of the 
digits, and if 27 be added to the number the digits will be rtwersed ; 
find the number. 

17 . A certain number between 10 and 100 is six times the sum 
of the digits, and the number exceeds the number formed bv re- 
versing the digits by 0 ; find the miinber. 

18 . The digits of a number between 10 and 100 lire equal to 
each other, and the number exceeds 5 times the sum of the digits 
by 8 ; find the number. 

19 . A man has .'^.‘180 in silver dollars, half-dollars, and quarters ; 
the number of the coins is and their wtaght is 2dr) ounces. If 
a dollar weighs \ oz., a half-dollar \ oz., and a iiuarter j oz., find 
how many of each kind of the coins he has. 

20 . A man has $22 worth of silver in half-dt liars, (giarU'fs, and 
dimes. Ih; has in all 70 e.oiiis. If lu‘ changed tin* half-d(»Uars for 
dimes and the (]uarti‘rs few lialf-dolhirs, he would then have 180 
coins, ilow many of each had he at lirst ? 

21 . Divide $100 hetween M mim, 5 women, t boys, and 0 girls, 
so that each man shall have as mucli as a woman and a gill, eai'h 
woman as much as a boy and a girl, and each boy half as much a,s 
a man aiul a girl. 

22 . If 17 lbs. of sugar and 5 lbs. of coffei' (U)st $2.50, and 10 
lbs. of sugar and 10 lbs. of coffee cost $d.8(), lind the cost i>er lb. of 
sugar and coffee. 

23 . The value of a number of coins consisting of dollars and 
half-(iollars amounts to $22.50 ; the immlK'r of (h •liars (exceeds fivi‘ 
times the number of half-dollars by 0. Find the number of i‘a(di. 

24 . A sum of $20.80 is divided among 11 men and 10 women ; 
the same sum could have been divided among 10 men and 0 women. 
Find how much each man and woman reetdves. 

25 . Two articU'S yi and B an*, sold for 20 emits and 00 cents 
per lb. respectively ; a ]>erson .s])mids $0.50 in buying sueb artieles. 
If he had bought lialf as much again of A and om‘-third as much 
again of 7>\ he would have s])ent $(h00. What weight of each did 
be buy ? 



CHAPTER XV 


Involution. 

112. Definition. Involution is tho gr^neral name for multi 
plyiiiijf an rxpivssion by itself so as tn find Ts second, third 
foui'tdi, ()]* any nt I k'T ]>o\v(‘r. 

Involution may alwavs be eflbcted by ac'tu il nniltiplioation. 
Ib .‘ix'j ]if)\vev(‘i‘, we shall vi'’<' some ru.os for writing down at 
on(*(‘ 

(1) any ])ower of a simple ONjiression ; 

(2) the sfpiare and culx* of any binomial ; 

(11) th(‘ s(piare of any multinomial. 

113. It is evid(!nt from tin- Pule of Signs that 

(1) no eixni power of any (piantity can be neyaiioc; 

(2) any odd power of a (piantity will have the same sign as 
tlie (piantity itscdf. 

Note, It is esjKicially worthy of remark that the Sfjnare of every 
expression, v\dietlKa’ positive or negative, is positire, 

114. From (hdinition we have, by the rul(.‘s of miiltiplicatma 

(tr) “ a - . d ^ . ^ - "*■ - --- (d\ 

( - a.^f = ( — ((•*')( - (/•’’)( — rr'j = — - r/.^^ 

IleiK'e we obtain a rule for ivaising a simple (‘xpression to any 
projK)S(Ml ])ower. 

Rule. (1) liaise the coefficient to the required power hy Arith- 
metic,, and prefix the proper siyii found hy the Jlute of Signs. 

(2) Multiply the inde.v of every factor of the expression hy the 
exj)onent of the power required. 





f**£rV .''' '•' 

(^$^fifrr£km 
/eah^Y 

VSa^* Hlx^^t/** 

It will ix3 seen that in tht^ last ease the mimmUornml theiknomi- 
aator are operated upon separately. 


EXAMPLES XV. a. 

Write down the square of each of the following expressions : 


1. 

a^. 

2. 

3o,c^. 

ct 

CO 

4. 

5. 

iar-hcK 

6. 

- :L^y • 

7. -2ff;-7rV. 

8. - 

‘Adx^. 

9. 

a^c 

10. 

2r'? 

2/ “ ‘ 

11 

4lr 

12. 

T) 

7./?/-' 

13. 

_s/,v 

3 ■ 

14. 

wrn^ 

15. -r ’ ., 

4x-i/z' 

16. - 

Apq-r'^, 

ki-x 

Write down 

the cube of each of tlie followin^f (o 

epressioTiR : 


17. 

2x. 

18. 


19. t.<"- 

20. - 

An~h. 

21. 

- 4ary . 

22. 

- 1rc(P. 

23. c^?/. 

24. - 

4}y^q^. 

^5. 

1 

pi^ 

26. 

2 

alrc^' 

27. - 

28. - 

o 

Write down 

the value of each of the followinj^ exiire.ssion.s 


29. 

(oir-f. 

30. 


31. ( - 

)“. 32. (■ 

- x'^y-f. 

33. 

(ly. 

ViaV 

34. 

VJhf}' 

»• i-U- 

36. ( 

2 ,Y 
~ A ) ’ 




To Square a Binomial. 



115. By multiplication wo 

(r( + 6)- = 

have 

(a-{^b)(a + h) 

+ 

(a-h)(n-b) 
a^~ 


...(1). 

...(2). 
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These formulae m;iy be enunciated verbally as follows 

Eule 1. The square of the sum of two quantities is equal to 
the sum of their squares increased hy twice their ja'oduet, 

Buie 2. The square of the difference of two (fuantltles is equal 
to the sum of their s(/uares diminished hy twice their product. 

Example 1. {a; -f 2^)*^ = a:- 4- 2 . x .2y-\- (2y)‘‘^ 

- a:- -r \xy + 

Example 2. {2d^-{W^y^={2(v^y^--2 .2(v^ . (352)“ 

To Square a Multinomial. 

116. l^y the [)r(icediiig' article 

( + 5 + c) “ = {(<« -f 5) -f- cp 

= (fH- h) - -f 2 {a + h)c -f 6*2 
= a~ + 52 -f c’2 -f 2ab + 2ac + 25c. 

Ill the same way we may })rove 

fa ~h-[- c)2 -- (d -f Jr + c^ — 'laJ> + 2ac — 2hc. 

{a + 5 -f c 4- d)“ — (d -f Jr + c'-’ 4- d~ -f 2a J> + 2ac 4- 2ad + 25c 4- 2JhJ -f- 2cf/. 

In each of these instances v^e o]>serve tliat the square con- 
sists of 

(1) the sum of the squares of the several terms of the )riven 
expression ; 

(2) twice tlui sum of the juuducts two and two of the several 
terms, taken with their proper signs ; that is, in eaeh jnoduct 
the sign is -f or - according as the (quantities composing it 
have like or unlike signs. 

Note. The square terms are always positive. 

The same laws hold whatever be the number of terms in the 
cx{)ressioii to be square<l. 

Buie. To find the square of any fnidthwuual : to the suan of 
the squares of the several terms add twl<e the product {with the 
proper sign) of each term into each of the terms that follow it. 

Ex. 1. (a; - 2y ~ 82)2 = x^ + 4y2 + - 2 . a; . 2y - 2 . a; . 82 4 2 . 2?/ . 3s 

= 'xd 4 4y2 -f 921- ~ ^xy - {jxz 4- I2yz . 

Ex. 2. (14 2a: - 3x- )2 = 1 + 4a:2 4 9a:^ 4 2 . 1 . 2a: - 2 . 1 . - 2 . 2x . 

= 1 4 - 4a:- 4 Oa:^ 4 4a: - Oa:-’ - 12a:;^ 

= I 4- 4.1' - 2a:2 „ ^ 9^,4^ 

1^ collecting like terms and rearranging. 
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EXAMPLES XV. b. 


Write down the square of each of the following expressions : 


1. 

x + 2y. 

2. 

x-2y. 

3. 

a 4- Sh. 

4. 2a -36. 

5. 

3a 4- b. 

6. 

x-5ij. 

7. 

2m 4 - 7n. 

8. il-o:. 

9. 

2 -ah. 

10. 

(die T 1. 

11. 

ah - cd. 

12, 2ah\-xy, 

13. 

1 - X-. 

14. 

r,+-2p(j. 

15. 

X- - 3a;. 

16. 2a4a6. 

17. 

a 4 - b - c. 


18. 

h-c. 

19. 

2a \ h \ c. 

20. 

2x -ij-z 


21. a- 4 

oy - — 

22. 

y--\-x f- 1. 

23. 

?>x + 2p- 

V- 

24. 1- 

24; - 3a;- 

25. 

2 - 3a; 4 xK 

26. 

x+|/4-(i- 

-h. 

27. m- 


q. 28. 

2ci “f- 36 "t x — 2ij 


To Cube a Binomial. 

117 . aciiial iniiliiplicatioii, wo have 

{a 4- hf --- {a + h){(i -f lM<i + h ) 

= “f” Su~b otib" 

Also (a - by — tv' - ^(tV) + ^ab- - P. 

By observing tlie law of formation of tln^ terms in these 
results we can write down the cube of any binomial 

Example 1. (2x' + //)’’ = (2x)‘' 4 .‘^( 2 x*) 7 / -f- ‘l(2.r)//- -} //■' 

= Sjt’ 4 1 '2x'-i/ f (up- 4 i/'K 

Example 2. (3x - 2a-f = (3a:)'^ - :M:]r)-{2a-) 4- 3(3.r)(2a-)“ ~ (2tr)* 

= 27 ~ r)4a;V“ 4- 3Ga:a‘^ ~ 

EXAMPLES XV. c. 

Write down the cube of each of the following expressions : 

1. P + 2, m-n. 3. cb~2b, 4, 2c + d. 

5. ^ + 3i/, 6. x-tyz, 7. 2xy-\ 8. 6a4-2. 

9 . 10 . 11 . 12 . 



CHAPTER XVL 


Evolution. 


118 . Definition. Tlie root of anv proposed expression is 

that quantity wiiich iiiiiltiplied ))y itself the requisite 

mniiher of times ])i‘ 0 (]iu‘es tlie i^dven expression. 

The o]:>eration of finding the root is called Evolution: it is 
the n^verse of Involution. 

119. l\y the Ilule of Signs we see that 

(1) any even root of a positive (|uantity may he either positive 
or 7mj(itive ; 

(li) no negative quantity can have an even root ; 

(:^) ('vtTV odd I'oot of a (piantity has the same sign as the 
quantity itself. 

Note. It is especially worthy of remark that every positive 
quantity has two scpiare roots equal in ma<’nitude, but opposite 
in sign. 

Example. s ! + 

In tlie present chapter, however, we shall contine our attention to 
the positive root. 


Exanijdcs. v/r/’/h = because = n%^. 

IJ - a'-'* = - a-’’*, hecaiiso ( - = - x^. 

_ ^.4^ hecausc (r^)^ = 

Vsi == because = 81a;^“. 


120. F rom the foregoing examples we may deduce a general 
rule for extiactiiig any ju’oposed root of a simple ex})ression : 

Rule. (1) Eind the root of the coeffieiant Jnj Arithnetne^ and 
prefix the proper sign. 

{t) Divide the exponent of every factor of the expression hij the 
index of the proposed root. 


Examples, 


V-64x6 = -4x2 




Sljr'" A*® 
25c" 
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EXAMPLES XVI. a. 

Write down the square root of each of the following expressions : 


1. 

9a:y. 

2. 

25a«/A 3. 

A^c-d\ 

4. 

5. 


6. 

16a:«. 7. 

xYz\ 

8. 

9. 

Ax^ 

T^’ 

10. 

«36 

. IL 

86 

25 ' 

12 -yi 

W rite down the cube root of each of the following expressions : 

13. 


14. 

15. 

S.C-'. 

16. 

17. 

527 

27* 

18. 

«“:r. i9,' 

yU 

llVw^V 

27 (■*' 

"■ 20. 

XT 

Write down th 

e value of each of the follow 

ing expressions ; 

21. 



22. Va-V’ 


23. V-a,-V. 

24. 



25. 


26. 

27. 

V - 


28. 


29. V32ttV“e». 


121. By the formnlu:: in Art. 115 we are able' to write down 
the square of any binomial 

Thus (2.r %)“ = 4.^2 4- 1 2,r?/ 

Conversely, by observing the form of tin* terms of an expres- 
sion, it may sometimes be recognised as a com}>letc s(juare, and 
its square root written down at once. 

Exam, pie 1. Find the square root of 25a:- - 4(la:y 4 IGy-. 

The expression = (^x)^ - 2 . 2{)xy 4 {^yf 
= (5xp-2{5x)(4y)4(4y)- 
:z{5x-Ayf. 

Thus the required square root is 5a: - Ay. 


Example 2. 


Find the square root of + 4 


>\b 
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122. When the scjuain; R)ot eaniiot be easily deterniiiied by 
inspect ion we must have recourse U) tlu^ rul(^ explained in tlie 
next article, whi(;h is <piite genieral, and a[>pliciible to all cases. 
But the student Is (ulrised, hcrt^ arid efsewherCy to eniploij methods 
of Inspection in preference to rules. 


To Find the Square Root of a Compound Expression. 

123. Since the s(pnire of « + /> is + we have to dis- 

cover a ]n‘(KH^ss by w Inch a and the terms of the root, can be 
found wlnm is iL;iven. 

The first h?nn, a, is the scpiare root of 

Arrange tla^ terms jtccordint;' to ]>owers of one letter a. The 
first term is a-, and its s«]uare root is a. Set this down as the 
first t(‘rm of tlu^ re(piir(‘d root. Subtract from the given 
expression and the remainder is 2ah-\-}r or (2a + /y) x />. 

Now the fiist tman 2<d> of' the remainder is the product of 
2a ami h. Thus to obtain h we divide flu* first term of the 
remainder by tin*, double of tin*, term ali'eady found; if we add 
this new term to 2a we obtain the complete divisor 2a-\-b. 

The work may be arranged as follows: 

d^-\-2ah-\-tr {a-\-b 

rt- 

2a-\-h 2ab-\-b- 

2a.b-\-b‘^ 


Example. Find the s(]uare root of Ox- — 42a:y+49y2. 

— 42xy 4- 40^/'^ (3x — 1y 
9x2 

i]x — 7y — 42xy -f 4 9^^ 

— 42x//+49y2 


Explanation. The square root of Ox^ is dx, and this is the first 
term of the root. 

By doubling this we obtain Ox, which is the first term of the 
divisor. Divide — 42x//, the first term of the remainder, by Ox and 
we get —7?/, the new term in the root, which has to be annexed 
both to the root and divisor. Next multiply the complete divisor 
by —ly and subtract the result from tlie first remainder. There is 
now no remainder and the root has been found. 
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124. The rule can be extended so as to find the square root of 
any multinoinial. The first two terms of the root will be 
obtained as before. When we have brought down the second 
remainder^ the first i)art of the mnv divisor is obtained by 
doubling the terms of the root already found. We then divide 
the first term of the remainder by the first term of the new 
divisor, and set down the result as the next term in the root 
and in the divisor. We next multiply the complete divisor by 
the last term of the root and subti'act the ])roduet from the 
last remainder If there is now no remainder the loot has 
been found ; if there is a remainder we continue the process. 

Example. Find the square root of 

25a;V- ~ I2xa^ 4- 1 + 4a* - 24ar^a. 

Rearrange in descending powers of x. 

- ‘24r^a. + 25xhd - + 4a* ( 4^7- - 3xa 4- 2a- 

16 rr^ 


%x^ - Sxa 

~ 24xki + 2t}X“d^ 

~24T‘a+ dx^a^ 

Sx^ - 6a:a + 2a‘^ 

1 16a:‘-a- - 1 2a:a^ x 4a.4 
1 6a;V- ~ 1 2a'tt‘* + 4a^ 


Explanation. When we have obtained two terms in the root, 
4a?- - Sxa, we have a remainder 

IGxV- 12rf-f4a^ 

Double the terms of the root already found and place the result, 
8x^-6a;a, as the first part of the divisor. Divide JGxV-, the first 
term of the remainder, by 8a:-, the first term of the divisor ; we get 
+ 2a^ which we annex both to the root and divisor. Now multiply 
the complete divisor by 2a- and subtract. There is no remainder 
and the root is found. 

125. Sometimes the following method may be used. 

Example. Find by inspection the square root of 
4a‘^ + lr‘ + + 4ah - 4ac - 26c. 

Arrange the terms in descending powers of a, and let the other 
letters be arranged alphabetically ; then 

the expression = 4a- + 4a6 - 4ac -f 6^ - 26c + c- 
= 4a^ + 4a(6 - c) + (6 - c)^ 

= (2a)- + 2 . 2a(6 - c) -f (6 - c)- ; 
whence the square root is 2a -f {6 - c). [Art. 121.] 
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EXAMPLES XVI. b. 


By inspectit)Ji or otlicruisc, find tlie square root of each oj 
following expressions : 


1. a‘^--8a+I6. 

3. 64 + 48a: -!- 9a:-. 
5, 36# - 8 jvr + 49. 

7. 


2. a:- + 14a: + 49. 

4. 25 - 30?7i + 9m-. 

6. 81 +144?/^ + 64/'. 

8 , 4 - 1 2afrc^ + 9c^®. 


9. 

11 . 


i#- - 3a:y*^ + 

9# _o , 25?/- 
25?/- ^ 9fX- 


10 . 

12 . 


9a- 24 ar ](><- 

6-' Td (/- ■ 

49y- 16a:- 


13, lea:-* - 32.r^ + 24a.- - 8a: + 1. 

14. 25 - 30a + 29a- - 1 2# + 4a4. 

15^ 9tt« - 1 2a« - 2a4 -} 4a- + 1 , 

16. 25yd - 30//J + 121 - 101yd + 66i>. 

17. 8#^ + l+4a;‘^-4a\ 

18. 201a- - 1 08a3 + iqo + 36a‘* - 180a. 

19. 4 c- + 2ah ~ 2ar - 2bc. 

20. 2?“-“ + ~ 2 a:“- 2 /.- 4- 2xyh - 2xyz\ 

21 . + + 

22. ^ + “if - 2x». 

9 3 4 3 

23. 6/# + ^ 4- f, + + 37/i‘%. 

4 i() 4 2 

24. 9ad + 144a:^ + 12aa:- 4- 4a- - 72ar' - 48aa:. 

25. — 4a:" + 4a:® + 6a:® - 14a:^ + 4x^ + 9a:- - Oa: + 1. 

26. + 9?/“ + # - Gab + 66c - 2ac. 

27. Tl ~ 2^^' + 5^'-^ - 4^i + 4. 
ir w- 71“ n 

28. ‘■’,f-5+'?+5“+2'’. 

b“ b a 


the 
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[ If preferred, tlit; reTiiaindor uf this chapter may be posti)oned 
and taken at a later stage.] 


To Find the Cube Root of a Compound Expression. 

126. Since tlie cube td’ a-\ h is e'M- -I de//"4 ^ve liave 
to discover a process by which (i and />, the terms of the root, 
can be found when -f -f du//- 4- is given. 

Tlie first term a is tlie cube root of a?. 

Arrange tlie terms according to powers of one h'lter <( ; tluoi 
tlie first term is and its cube mot a. S»‘t this dow n as the 
lirst term of the reipiired loot. Subtract a:’ from the given 
expression and the remainder is 

de-6 + -f- h'^ or (3u- + ?)(d) 4- Ir) x h. 

Now the first term of the rcniaiud<a* is the ])roduct of da^ 
and b. Thus to obtain h w^e divide the first term of the re- 
mainder by three times the sipian; of the term already found. 

Having found h w^e can complete the divisor, which (^insists 
of the follow ing three terms : 

1. Three times the square of a, the term of the root already 
found. 

'2. Three times the product of this first term u, and the new 
term h. 

3. The square of h. 


The work may be arranged as follows : 

4- 3a“7> 4- 3a/;" 4- Id ( a + 6 


3(a)^ = 3a“ 

*Sxaxb= + dab 

(bd -= __+bl 

du'^ 4 “ Sab 4 " b" 


3a"6 4- Sab'^ 4- b^ 


3a“7>4 3a/;2 4-/d 


vmplt 1. Find the cube root of - SCyjPy 4 S4^xi/^ - 27?/^. 

Arrai. Ssd - 36x-y 4- 54xy- - 27 if' ( 2a; -- 3y 

letters be 

the expreSi _ ^<^^2 

) ^ - 1 Sxy 

4- 9y- 

whence the square 


'-18xy4 92/2 


- SOx^i/ f- 54x’y“ - 27 y" 


Siyx‘^y 4- ^‘ixy^ - 27//^ 



Example 2. Find the cube root of 8a:® - 4Sar* -f- 60a:* + 80a:® - 90a:^ - 108a: - 
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this gives “3 a new term of the root. To complete the divisor we take 3 times the product of 2.1- -4a: 
and -3, and also the square of -3. Now multiply the complete divisor by - 3 and subtract ; there is 
no remainder and the root is found. 
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ETAMPLES XVI. C. 

Find thf^ cube root of each of the following expressions : 

1. 12aH48a + 64. 2. + 12a- + 6a: + 1. 

3. 64a:''^ - 1442*2 io8:r - 27. 4. 8;)« - -f r>4;>2 - 27. 

5 . m-' -■ 1 8 2 -f 1 08 wi _ 2 1 6 . 6 . + 1 + Sy^, 

7. 1 - 3c + Gc2 - 7^“^ + 6c^ - 3c'’ + c« 

8. 8 -f 30?^ 4- GGwt-* 4- f m^. 

9. 216 - 108yl* + 342Z:2 _ jopp 4 i7i/;4 _ 4. 07 X**'. 

10. 48?/5 + my -f 60y^ - 9(h/2 27 + 8/y« - SOyl 

11. 64+ 192;.* + 240F+ lG0/.'^M-60/A+ 12A!5 + ^*«. 

12. - Ca;2y - So;-:; + 1 2xy- + 1227/“ -f llxz' ~ H>/^‘ - I2yh - (yyz- - z^. 

[For additional examples see KI( went ary Ahjehm.'] ' 

127. Tlie ordiiuu;v rules f(*r exti'acting square and (ailx' roots 
in Aritliiiietie are based uj)on tlie algiduuicjil inetliods ex])lained 
in the present elia[)ter. Tlie followdng exainjjle is given to 
illustrate the arithmetiail process. 

Example. Find the cube root of (>14125. 

Since (>14125 lies between 512000 and 729000, that is between 
(80)’^ and (90)’b its cube root lies hciween <S0 and 90 and therefore 
consists of two figures. 

a 4 - h 

614125 ( 80 + 5 = 85 
512000 

3a2= .3x (80)2 ^ jpoQQ 
3 X a X ft = 3 X SO X 5 rr ] 200 
ft2 = ;> X 5 = 25 

20125 

In Arithmetic the ciphers are usually omitted, and there are 
other modifications of the algebraical rules. 




CHAPTER XVII. 


Resolution into Factors. 


128. Definition. When ;ni ali^eljraieal ex])reKsioii is the 

jirodia^t of two or inort' (‘xpi essions each of tlirse latti'r ([iiaiiti- 
ties is called a factor of it, and thr d(*tenninat ion of these 
(plant ities is called the resolution of the expression into its 
factors. 

In this cha[)ti‘r we shall ex]>lain the )>rincipal rides by which 
the resolution of expressions into their eoinjionent factors may 
be effected. 


Expressions in which Each Term is divisible by a Common 
Factor. 

129. Snell (‘xpr(‘ssions may he sini]>lified hy dividint;' each 
term si^paralely by this faetoi’, and (Mielosiii!:; the (piotient wdthin 
brackets ; the common factor being' placed outside as a coellicient. 


Exam]>lc x. 
factor 3tt ; 


The terms of the expression - 6ab have a common 
- (W/ -- 3a(a - *2h). 


Example 2. oa-Yvx' - \M)X- - - e>bx\a-x - 3«, - 46-). 


EXAMPLES XVII. a. 


Resolve into factors ; 


1, x-pax. 2, 

6. 3m- - iSmu. 6. 
9, - 2^a^b. 

12, 27-1G2X. 

15. 2cU-a- + a. 

17, 7p--7p^ + 14/A 

19, xH/ - x^y^ + 2xy, 


‘2a2-3a. 3 . 4 . 

p^ + 2i)-q. 7. x^-5x\ 8. y" + xy. 

10. 12a; + 48a-‘-y 11. lOr" - 

13, x~"y'‘j^ ^xy. 14, 1 ( x~ — 

16 . ‘Ix" + Gn-x- - 3ci^x. 
18. 4^'' + Ga-7/*~26b 
• 20« 2Gtt^6^-h3i)a^6^. 



102 ALGEBEA. [C1UI‘. 

Expressions in which the Terms can he so grouped as to 
contain a Compound Factor that is Common. 

130. hu'KkmI is sIhiwii in tht* folhfwin;^ examples. 
Example 1. ilesolve into factoivs x--ax t hx-ah. 

Since tlic lii'st two terms coiilain a eomimni factor x, and the 
hist two terjiis a coimnon factor wo have 

a:* - ar -f dx -nb = (x~ - ax) -h {hx - ah) 

~ x{x ~ ft.) -f- b{x - ft) 

= (:r - ft) taken x tiint'.s y>//f.s [x - a) takoii b times 
= (a: -ft) taken (x + />) times 
- {x- a){x + b). 

Example 2. llesoive into factors Ga- - \)iix I Ahx - hah. 

6vC- - 9(ia: -f ^bx - hob - (6a:- - 9aa ) -f (4/ec G(t6) 

= :U'(2a; - ?>n) t 2/H2a; - 3a) 

= {2x-:^a){:^x-\-2h). 

Example 3. liesol vc into factors 12a- + bx- - 4ab - 3ax^. 

12a- + 6a’- - 4a6 - 3aa- = (12ft- - 4f:6) - (3fta:- - 6a;-) 

= 4a (3a - 6) - a’-(3a - 6) 

= (3a- 6)(4a-a;-). 


EXAMPLES XVIL b. 

Resolve into factors :* 


1.. 

+ Xp + xz + yz. 

2. 

x- ~xz-\-xy ~ yz. 

3. 

a- + 2a-fa6 1 26. 

4. 

a- 4 ac 4 4a -•}- 4c. 

5, 

2a 4- 2a; -f ao; 4- a;-. 

6. 


7. 

am - hm - an -f bn. 

v8. 

ab - by - ay 4 7/-. 

9. 

pq -{■ qr - ])r r^. 

10. 

2inx 4 nx -j 2'itnj ny. 

11. 

ax ~ 2ay - hx 4 26y. 

vl2. 

2a- 4 3a6 - 2ac - 36c. 

13. 

ac‘^ 4 - 64 - 6c- 4- a. 

14. 

ac- - 2a - b(? 4 26. 

15. 

a^ - a- 4 a - 1. 

16. 

2a;^4 34 2a:43a;2. 

17. 

a^x - ah y 4- 2ax— 2by. 

18. 

axy 4- hexy — az— hez . 


Trinomial Expressions. 

131. in Cliap. V. Art. 48 attention has hoen drawn to the 
way in which, in forming the product of two binomials, the 
coelhcieiits of the different terms combine so as to give a triiio- 
iidal result. 
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(x -4' fiy.r j- :V't “ x ^ -f ^X 4 1 ‘"“k . ....(IX 

{x :»){.^' / 2 ), 

(.r-f ' + OX), 

-0 - 


We noNV profJOSf^ iu ron.sifhM- tin* .ouv^-im' prnhh^in : iiai»H-lv, 
tin' n-rtolutii)ii (»f :i similar tn thnsr whirh 

occur ou tlH‘ ri^ht-liaiid side of t he a hol e identities, into itS 
coiu\Kvue\it )»iu(iu\ia\ faetors. 

i>y examining tlie above r(‘sults, ^vc notice that *. 

1. I'lu* lirst term of both the factors is x. 

2. The product of the s(‘<-on(l terms of tht' two factors is 
equal to the thiid term of the ti inomial ; e.<j:. in (2) above vve 
S(‘e that lo is rhti ]>ro(luct of — f) and -3; and in (.‘V) we see 
tliat - 1.'“) is the ])ro(luct of +.^) and -3. 

3. The a,liL;(‘bra,ic sum of the second tmans rd the two factors 
is equal to the (‘(udlicient. (d x in the trimuuial ; e.,i^. in (4) the 
sum of —5 and 4-3 gives ~ 2, the c(K4li<.;it‘nt of x iii the tri- 
nomial 

The apjdication of tliese laws will Im' easily understood from 
the following (.examples. 

Exam jih' I . Itesol ve into factors x' -{- 1 1 24. 

The second terms of the factors must he sucli tliat tlndr product 

is 4-24, and their sum -I 11. It is clear that they must he -}-8 

and -r 3. 

a:-4-llx4-24 = (a' + S)(:i'4-3). 

Example 2. liesolve into factors a’- - l()aM-24. 

The second terms of the factors must he sncli that their product 
is 4 24, and their sum - 10. Htmee tliey must both l>e negative, and 
it is easy to see that they must be - 0 and - 4„ 

/. ar" - 1 Ox 4 24 = (a; - 6)(a: - 4). 

Example 3. - 1 8x 4- 81 = (x - 9)(x - 9) 

= (x-9)*l 

Example 4. x'* + lOx- 4- 25 = (x- + 5)(x- 4- 5) 

= (x-4 5)". 

Example 5. Resolve into factors x- - 1 laa;4- lOal 

The second terms of tlui factors must he sucii tliat their product 
is 4- 10a-, and their sum - 11a. Hence tliey must Ik; - 10a and - a. 
a;- - llax+ 10a- - {x ~ 10a)(.r- a). 

Note. Tn exanqiles of tliis kind the slmhmt slioidd always verify 
Ins results, by forming the jiroduct {mentally, as explained in 
Chap. V. ) of tile factors lie has chosen. 
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EXAMPLES XVII c. 


Resolve into factors : 

4. - 3ft + 2. 

7. //’ + 13?> + 42. 

10. - 1 5a; + 56. 

13. 6'-- 125 + 36. 

16. a^- + 9a; + 20. 

19. ;r-23y + 102. 

22. fi’ f l()a5 + 21/r. 

25. wi‘^ + H/«- + 7. 

28. 54-15a + oA 


2. r + 5y + 6. 

5, a--6fi + 8. 

8. 5-1.% + 40. 
11. ar-15a; + 54. 
14. a^+15a. + 56. 
17. 

20 . 

23. 

26. 

29. 


3. r+7y + l2. 

6. 5- -55 + 6. 

9. 132 + 36. 

12 . 22^152 + 44 . 

15. ft- -12ft + 27. 

18. ar-- 16a; + 64. 

21. 7/H54// + 720. 
24. o--23ft5+ 13252. 


132. Next consider a 
nornial is negative. 


X- - lO.r + 0. 

?/2 _ ‘24?/ + 95. 

0.2 ^ 12a5 { 1152. 

4- 9??f2??,2 f 1 4?i^. 27. 6 -- 5,)’ + a;2. 

13 + 1 \y 4 30. 216 3r)ff, 4- f»2. 

case where tlie third term of the tri- 


Example 1. Resolve into factors a:’ + 2a; - .35. 

The second terms of the factors must he such that tlmir product 
is -35, and their ahjchmicnl sum 4 2. Hence tliey tmist Ikivo 

opjmsifr, signs, and the greater of them must he po^if/re in order 

to give its sign to their sum. 

The required terms are therefore 4 7 and - 5. 

a;2 + 2a;-35 = {./:+ 7)(a;-5). 

Example 2. Resolve into factors x- - 3a; - 54. 

The second terms of tlm factors must 1)0 smdi tliat their product 
is “54, and their a/ythrairal sum -3. Ilmiee they must have 

opposite, signs, ami the greater of them must he urijatiuc in order 

to give its sign to their sum. 

The required terms are therefore - 9 and 4- 6. 

a;2-3a;-54 = (a;-9)(a; + 6). 


Remembering that in tlies(‘ casr-s the numerical quantities 
must have opposite mjiis, if prefei*r(‘d, the following method may 
be adopted. 

Example 3. Resolve into factors a;^?/^ + 23a;?/ -- 420. 

Find two numbers whose product is 420, and whose difference is 
23. These are 35 and 12; hence inserting the signs so that the 
positive may predominate, we have 

^ 23a;y - 420 - [xy + 35)(a;y - 12). 
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EXAMPLES XVn. d. 

Pvesolve into factors : 


1 , x^ + x~2. 

2 . 

1 

« 

1 

3. 

1 

1 

4, y' + 4y-l2. 

5. 

yi 4 - - 21 . 

6 . 

7/2 - 57/ - 36. 

7. a- + 8 a - 33. 

8 . 

a- - 1.3a - ,30. 

9. 

a- -f a - 1 32. 

10 . 

11 . 


12 . 

//- + 10?/-.39. 

13. ~ fn - 56. 

14. 

- 5m “ 84. 

15. 

- 56. 

16. ?/^-8/)-65. 

17. 

7 /- + .3/>-108. 

18. 

+77 - 1 10 . 

19. X' + ix-Vi. 

20 . 

U- - 7 a;- 120 . 

21 . 

X- ~x-\ 32. 

22. ,e+l%--48. 

23. 

?/“ + Axy - 96x’-. 

24. 

y- -f Ixy - ^JHx\ 

25. a* + nVfi-nh\ 

26. 

a- + ah - 240/>-. 

27. 

14 - 5a - a-. 

28. .35-2/y-^A 

29. 

96 - 45 - li\ 

30. 

72 + 5 -?r. 

133. We proceii 

d now 

to the resolution 

into 

factors of tii- 

nomial expri'ssions 

wlien 

the eoeliieient of 

the liigliest ]k)W(U’ is 

not unity. 

Again, referring 

to t3ia]). V. Art. 48, we 

may 

write down the 

following results : 

(3.r + 2)( 

r + 4')=.:5.r2 + 14.r + 8 

(1), 

(S 

.r-2X 

r — 4} — 3.r*- — 1 4.r -h 8 



(ar+2)( 

r-4)-3.r2-10.r- 

8 

;(3), 

(3.r — 2)(./’ 4) — 3./'" -|- lO.r — 

8.... 

(-!)• 


The converse ])rohl(‘in })resents more difliciilty than ilie (%‘isea 
we have jet eonsi(ler<*(L 

lief ore eiuleavonring to give a general method of ]>rocedure 
it will be worth while to examine in detail two of the identities 
given abova^. 

( Consider tlie result - 1 4.r + 8 = (3.r - 2)(x — 4). 

The first team is the ])roduct of 3.r and .r. 

The third term +8 -2 and —4. 

Tlie middle b'rm -14.r is th(^ result of adding togetlicr the 
two jiroducts 3.r x — 4 and .r x — 2. 

Again, consider the result lO.r — 8 = b3.r + 2)(.r- 4). 

The first term is the product of 3.r and 

The third term ~8 +2 and -4. 

The middle ttirm --lO.r is the rc'sult of adding together the 
two jirodiuds 3.r x — 4 and x 2 ; and its sign is negative because 
tlie greater of these two products is negative. 
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134. The beginner will frequently find that it i« not easy 
to select- the projM'r factors at. t.h(‘ tirst. trial. !h actic«' alone will 
enable him to detect at a glance whether any ])air he hascho.sen 
will combine so as to give the correct coellicients of the express 
sion to be resolved. 

ExampU, Resolve into factors 7a'- - Ifia - 6. 

Write down (7a 3)(.r ‘2) for a first trial, noticing that .*> and 2 
must have opposite signs. These factors give 7.'“ and (> for the 
first and third terms. Rut since 7 x2-3x I -1 I, tlu^ combination 
fails to give the con ect coelficient of tlie middle term. 

Next try (7a 2)(.r 3). 

Since 7x3-2x 1 -lO, the.se factors will he correct if we insert 
the signs so that the negative shall ])i(‘donunate. 

Thus 7ar -]0x-C)r^ {7x f- 2){x - 3). 

[Verify by mental multiplication.] 

135. In actual work it will not be nece.ssary to put down 
all these steps at length. 1'he student will soon find that (he 
ditferent cases m;»y be rapidly reviewed, and the unsuilable 
combinations rejected at once. 

It is especially important to j)ay aUemtion to tin? two follow- 
ing hints : 

1. If the third term of the trinomial is positive^, then (he 
second terms of its factors have both the sanu* sign, and (his 
sign is the same as that of the middle term of the (rinomial. 

2, If the’^hird term of the trinomial is negative, then the 
second terms of its factors have opposite signs. 


Example 1. Resolve into factors 14rr2 + 29a: - 15 (1), 

14^2 -29a; -15 (2). 


In each case we may write down {lx 3}(2;r 5) a-s a first trial, 

noticing that 3 and 5 must have opposite signs. 

And since 7 x 5 - 3 x 2 = 29, we have only now to insert the proper 
signs in each factor. 

In (1) the positive sign must predominate, 

in (2) the negative 

Therefore 1 4a;- + 29a7 - 1 5 = (7a; - 3)(2a; + 5). 

14a;2 _ 29a; - 15c= (7a; + 3)(2a: - 5). 
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Example, 2. Resolve into factors 5a:- f 17a: + 6 (1), 

5a:-- 17a: + 0 (2). 

In (1) we notice that the factors which give 6 are both positive. 

In (2) ...negative. 


And therefore for ( 1 ) we may write (5a: + ){x+ ). 

(2) (5a:- ){x- ). 

And, since 5x3 + 1x2 = 17, we see that 

5a:^ + 1 7x + 6 = (5a: ^ 2)(a: + 3). 

5a:- ~ 17a: + G = (5a: - 2)(a: - 3). 

Note. In each cxpre.ssion the third term 0 also admits of factors 
(5 and 1 ; hut this is one of the cases referred to above which the 
student would reject at»©nce as unsuitable. 

EXAMPLES XVn. e. 


Resolve into factors ; 


1. 

2tt- + 3a + L 

2. 

3a- + 4a+ 1. 

3. 

4fr + 5a + l. 

4. 

2«« - + 5a + 2. 

5. 

.3o -+10u ( 3. 

6. 

2(1" + 7u + 3. 

7. 

5(r -f- la 2, 

8. 

2o--f9a +10. 

9. 

2a- + 7a + 6. 

10. 

2a:- f 9a: + 4. 

11. 

2a’- + 5a: - 3. 

12. 

3a,’- + 5a: - 2. 

13. 

3i/-4 y~2. 

14. 

Sy--7y-(). 

15. 

2y-+9y-5. 

16. 

27- -5/; -3. 

17. 

()tr i-Jb - .3. 

18. 

26- + 6- 15. 

19. 

4m- + Cym - G. 

20. 

4///“ - 4 m - 3. 

21. 

G?/r -7?n~ 3. 

22. 

4a:'-^ - 8a:;// - 5y-. 

23. 

Go:- - Ixy + 2y~. 

24. 

13x7/ + 27/2. 

25. 

12a‘- - ]la,h + G7-. 

26. 

Ga- - nab - G?/-. 

27. 

6a*^+ 35a 6 - 6b^. 

28. 

2-3y-2/. 

29. 

3 + 23//-8y-. 

30. 

8+]Sy-5y2 

31. 

4+ 17a:- 15a:-. 

32. 

G - 13a + (kr. 

33. 

28 -31// -57-. 

When an Expression 

is the Difference of 

Two Squares. 


136. inultiplying a-\-b by a — b we obtain the identity 
(a -I b) (a “ b) = — b% 

a result w hich niay be verbally expressed as follows : 

77ic product of the sum and the difference of any two quantities 
is efpMil to the difference of their squares. 

Conversely, the difference oj the squares of any two quantities 
is equal to the product of the sum and the difference of the two 
quantities. * 

'rims any expression which is the difference of two squares 
may at once be resolved into factors. 
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Example. Resolve into factors 25x^~ IGy”. 

25a:- - 16//-^ = (5a:)- - (4//)-. 

Therefore the first factor is the sum of 5a: aiui 4y, 
and the second factor is the difference of 5x and 4y. 

25a;- - 1 6y- = (5a’ + 4j/){ox - 4y). 

The internicdiate steps may usually be omitted. 

Exam pie. 1 - = ( 1 + 7c'’)( I - Ic^). 

Tlie diliereiice of the s(piares of two mimerical (piantities is 
sometimes coiiveiiieiitly found by tlie aid of tlie formula 

— 5- — (a + l>)(a- — h). 

Example. (329)- - (171)- = (329 l 171)(329- 171) 

= 590 X 15S 
= 79000. 

EXAMPLES XVII. f. 

Resolve into factors : 


1. 

a2-9. 

2. 

0,2 - 49. 

3. 

a2-81. 


4. o’ 

-100. 

5. 

0:2-25. 

6. 

a;2-144. 

7. 

04 - 0:2. 


8. 81 

- 4a:2. 

9. 

4if - 1. 

10. 

y - - 9 tt 2 . 

11. 

4y2-25 

• 12. 9.'/ 

2 - 49a:‘ 

13. 

4m- - 8b 


14. 3fia2 

- 1. 


15. 

12 - 04/2. 

16, 

9^2 - 2lSlr. 


17. 121- 

- U>/y2 


18. 

121 

Ifia/-’. 

19. 

25 - c\ 


20. d-lr 

- x'Y 


21. 

49((^ - 

lOO/r. 

S2. 

fi4a:2 - 4922. 


23. 4;/-Vy 

2 -SI 


24. 

a-^/> ‘c2 ■ 

-9. 

25. 

x^ - 4ab 


26. 

2r)cb 


27. 


2ryl 

28. 

lOfti® - 9?A 


29. 250:^ 

2-4. 


30. 

- 

" 9a:2. 

Find by factors the 

! value of 






31. 

(.39)2 -(31)2 


32. m 

^-(49)2. 

33. 

(1001) 

2-1. 

34. 

(S2)2~(18)2, 


35. (275)2.(225)2. 

36. 

(936)2 

-(64)2. 


When an Expression is the Sum or Difference of Two Cubes. 

137. If we divide + a + the quotient is 
and it’ we divide a^ — b^ hy a — b the quotient is a“-l-a6 + /A 
We have therefore the following identiticvS : 

4- ^3 (a -f &) (a- — ab 4- b“) ; 

— (a — h){d“ + nb + b '^) . 

These results enable us to resolve into factors any expression 
which can be written as the sum or the difference of two cubes. 
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Example 1. - 27^'“^ = {2xf - {%/)^ 

- {2a; - .‘Iy)(4a:“ + 6a;?/ + 0?/^). 

Note. The middle term 6a;y is the profiuct of 2a; and 3y. 

Example 2. 64a^ + I = (4a)^ + ( 1 

= (4a+l)(16a--4a + l), 

W(‘ may usually omit the intermediate step and write down 
the faetois at once. 

Exam}ilefi. 843f/’ ~ 27a;^ - ( 7u- - .Tr)(49rt'^ -( 21 a?x + 9x*“). 

8a;9 -f 729 = (2ar* + 9)(4.r« - 1 Sar^ + 81 ). 


EXAMPLES XVII. g. 

Kesolve into factors ; 


1. 

o'' - IP. 

2. 

0^4- 

3. 

i-t-e. 

4. 

1 - ?/. 

5. 

8a;^' 4-1- 

6. 

ar" - 

S-:^ 7. 

«■' 1-27/.^ 

8. 

x^y^ - 1 

9. 

1 - SaK 

10. 

P- 

-S. 11. 

27 +e. 

12. 

64-;?^. 

13. 

12r>a‘^4-l. 


14. 

210- 

15. 

ary 4- 

343. 

16. 

lOOOar'M-l. 


17. 

1. 

18. 

aVPP 

-27. 

19. 

8ar’ - 343. 


20. 

ar' H216.r. 

21. 

_ 2 

7rA' 

22. 

nP - 1009??^. 


23. 

- 729/.". 

24. 

125a« 

4-512A 


138. We shall now ^ive some harder a])])lications of the 
fon^going rules, followeil hy a miscellaneous exercise in which 
all the pr(K*esses of this eluipter will he illustrated. 

Example 1. Resolve into factors {a-\-2h)^ - IGa;'^. 

The sum of o + 2h and 4a; is a 4 2h -h 4a;, 
and their difference is n-f 2h- 4x. 

{a + 2?))- - 1 6a;- = (« + 2/> + 4a;)(a + 2h - 4a;). 

If the factors contain like terms they sliould bo collected so 
as to give the result in its simjdest form. 

Example 2. (3a; 4 7?/)" - (2a; - 3?/)- 

= {(3a; 4- ly) 4 - (2a; - .3?/)} {(3a; 4 - 7?/) - (2a; - Sy)\ 

= (3a; 4 - 7y 4 - 2a; - 3?/)(3a; + 1y-2x + 3y) 

= {5x + iy)(x + l0y), 
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139. By Rnitably grouping together the terms, compound 
expressions can often be expresst>d as the difference of two 
squares, and so be resolved into factors. 

Example 1. Resolve into factors 9a- - c- + ^cx - 
9a- - c- + 4ca: - 4^:^ = 9a- - (c- - icx + 4a;-) 

= (3a)2-(c-2a:)2 
= (3a + c~ 2x){Sa -c + 2x). 

Example 2. Resolve into factors 2hd - a- - + h- f dr -{ 2ac. 

Here tlie terms 2hd and 2ac suggest the proper preliminary 
arrangement of tlie expression. Thus 

2bd - a- - c- + h- + d- + 2ac = Ir + 2hd -f (P - e - + 2ac - 

- 1)^ -\ 2hd d- - (a- - 2ac c-) 

= (/) + d)--(a-c)- 

— {h d a ~ c)(/> -f" d “ a + c). 

140. The following case is important. 

Example. Resolve into factors x*-\- .r-y- py**. 

X* + x^y“ + 1 /^ = 4 - 2xrif~ ?/) - 0 ?-?/ 

= (x- ■{ l/)" - 

= (x"^ + ?/- -I- xi/){x- -h ?/- - a*?/) 

= + xy + 2/-)(.t- - xy i ?/‘-). 

141. Sometimes an expression may l>e resolved into more 
than two factor’s. 

Example 1. Resolve into factors 190.“* - 81 M. 

IGa^ - 81// rr (4a- 4 9/>-)(4o" - 0/c) 

= (4a- + 9/;-)(2a + ^h){2a - ^h). 

Example 2. Resolve into factors x^^ - 

^ {XT' ^ 

Note. When an expression can he arranged either as the dif- 
ference of two squares, or as tlie differenee of two cubes, each of the 
methods explained in Arts. 136, 137 will be applicable. It will, 
however, be found simplest to tirst use the rule for resolving into 
factors the difference of two squares. 
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142, Tn all cases where an expression to be resolved contains 
a simple factor (oininon to each of its ttnans, this should be lirst 
Liken outsidii a hiaeket as exjdaiiied in Art. 1:^9. 

Example. Resolve into factors h CAurp - 60x^^. 

-f - 60xy = 4xy(7x- | 1 Gx - 15) 

= 4x-^{7x - 5)(a; + 3). 


EXAMPLES XVII. h. 


Resolve into two or more factors : 


1. 

(:r f 

2 . 

{x-nf-z\ 

3. (a 4- 25)2 -c^ 

4. 

{a }-:tf -1. 

5 . 

(2x- 


6. a2-(5 + c)2. 

7. 

-fa- -■ (5 - 1 )-. 

8. 

9 -(a 

+ x)-. 

9. (2a--35)---c2, 

10. 

(IS.r i //)-~(I7:r- 

vr- 


11. 

{<>a 4 - 3)-’ -- (5a - 4)2. 

12. 

■la- ■ (2a - 36)“* 



13. 

x2-. (25 - 3r)2. 

14. 

{x f- //)- - {m - ?iyi 



15. 

cc 

1 

- / 

1C. 

<r - 'Jax + .X’- - 45-. 



17. 

X- f a- -1- 2ax ~ 7 :^. 

18. 

1 -- a- 'Jab - b‘^. 



19. 

1 2x// 4 25 - 4x2 _ 

20. 

(•“ “ a- “ Ir f Jab. 



21. 

x2 - 2x 4- 1 -- - 4mn - 4n^ 

22. 

i-i/ 2 

X-7/- 

- 2a-;:-. 

23. 

{m 4 - u 4 - //)2 - {m - 77*4 p)'^. 

24. 

(d -f a- -f 1 . 

25. 


16. 

26. 250x^-817/^. 

27. 

1 Ga^lr - lA 

28. 

0 1/77" - 

“ ////7**. 

29. x'^ - 

30. 

aHr* - 81a-/;. 

31. 

400a-. 

X - x‘'*. 

32. 1 - 729/. 

33. 

2l6//’ + a-^/A 

34. 

250d* 

+ 2. 

35. 1029-3x3. 

36. 

ax*’* -- ax^ ~ 240ax:. 



37. 

arx2 4 - hex - adz - hd. 

38. 

7/d + 4nrnrji^ f 47rV‘*- 


39. 

8x2/ _ ^ 5 ^ 

40. 

6x‘y- 4 1 ~ 30x7/-. 


41. 

2//<^/7‘* - 7//d77‘’ - 477*. 

42. 

98x^ - y*. 



43. 

cidr - a 2 - 524 - 1. 

44. 

X'^ - Jx- “• X 4- 2. 



45. 

(a 4- 5)2 4-1. 

46. 

a-x-" - 8a-y* - 4'/-x 

^ f 32//-//’'. 



47. 

2p - 3// 4- 47 /- - 



48. 

1 19 4- 10771 - 7772 , 

49. 

2iaVfi-a0alfl-SQb\ 


50. 

240x2 4- x'*/ - x^**/. 

51. 

4- 4x^4- 16. 



52. 

^.4 yA _ 7^2/, 

63, 

a^ - 1 8a-5^ 4- h\ 



64. 

x*4-X'*4- 1. 


[For additional examples see Elementanj Algebra.'] 
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Converse Use of Factors. 

143 . The actiijil [)rocesses of multi [>licatiou and division can 
often be partially or wholly avoided by a skilful use of factors. 

It should be observed that the formuke which the student 
has seen exemplified in this chapter are just as useful in their 
converse as in their direct application. Thus the formula for 
resolving into factors the difference of two squares is equally 
useful as enabling us to write down at once the product of the 
sum and the difference of two quantities. 

Example 1. Multiply 2a + 36 - c by 2a-36 + c. 

These expressions may be arranged thus : 

2a + (36-6) and 2tt-(36-c). 

Hence the product = {2a + (36 - c)} [2a - (36 - c)} 

= (2a)- - (36 - cf 
= — (96- - 66c + c-) 

= ia? - 96- + 66c - c^. 


Example 2. Find the product of 

a; + 2, X- 2, x'^-2x-\-4t, x^ + 2x + 'i, , 

Taking the first factor with the third, and the second with the 
fourth, 

the product = {(x + 2)(a;- ~2x + 4)} {{x - 2){x“ + 2x + 4)} 

= (a:3 + 8)(a:^-8) 

= a'«-64. 

Example Z. Divide the product of 2x‘^ + x-Q and + l 

by Sx^ + 5x - 2. 

Denoting the division by means of a fraction, 

the required quotient = < g £!± f 

^ ^ Sx~ + 5x~2 

_ (2a;-3)(a: + 2)(3a;-l)(2a:-l) 

{^x-\){x + 2) 

= (2a:-3)(2a;-l), 

by cancelling factors which are common to numerator and denomin- 
ator. 
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Exa-niple 4. Prove the identity 

ll{5x 4- 3a)- - 2{4{)x + 21a){5x -f- 3a) = 25x- - Orr. 

vSiiicc each term of tlie first expression contains the factor 5x-{-3a, 
the first side = (5a;4-3tr){17(5a;4-3a) -2{4(te 4 27a)} 

= {ox + 3a)(8aa; + 51a - SOic - 54a) 

= (5a; + 3a)(5a; - 3a) 

= 25a;-’-9al 


EXAMPLES XVIL k. 

Employ factors to obtain the x>roduct of 

1, a-h + Cj a-b-c. 2. 2.r 2x + y + z. 

3, 1 + 2x “ X'^y 1 ~ 2a: - x\ 4. < " r 3c + 2, c- - 3c ~ 2. 

5. a + b ~ c d, a 4 ?; 4 c - d. 6. jf-q + x- y, y - a - a; 4- y. 

7. a-^ - ietd) -f Hair - Hb''\ cv' 4- 4a“6 -f- Sab'^ 4- Hb'^. 

Find the continued product of 

8. (a -/>)“, (a4-/d") {d- -\-lr)‘\ 

9. {l-x)MU-x)\ {\-l-xJ\ 

10. a- - 4a 4-3, a- ~ a ~ 2, a- i- 5a 4- 0. 

11. 3-y, 3 4-y, 9-3y4 y-, 0 F3y4-y-. 

12. 1 f c 4- C-, 1 - c 4- c*-^, 1 - r- 4 r K 

13. Divide a'*(a4 2){a--a - 56) by a- 4- 7a. 

14. Divide the product of a;- + a;-2 and a:-4-4a;4-3 by a;- 4- 5a; 4- 6. 

15. Divide 3x-{x 4- 4)(a;- - 9) by a;- 4- a; - 12. 

16. Divide the product of 2a;-4-lla-2l and 3a- -20a -7 by 

a- - 49. 

17. Divide *(‘2a- - a - 3)(3a- - a - 2) by 6a- - 5a - 6. 

18. Divide a;^-7a;^-S by {a?4- l)(a;-4-2a; + 4). 

Prove the following identities : 

19. (a + bf -{a-b)-{a + b) ~ 'iab{a-\-b). 

20. (c - df{c 4- d) = 2cd{c^ - iP). 

21. - n){m 4- nf - 4- = 2mn{nP - w-). 

22. + y)^ - ^xy{x 4~ yf = (a; 4- y)(ar^ 4- y^). 

23. 3a5(a - 6)'-^ 4- (a - h)^ = (a - b){a^ - b% 

H.A. H 
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MISCELLANEOUS EXAMPLES IH, 

1, Find the product of 1(G - - 12-Hx’ and "lx - 4 l 

2, If 1, b ~~ If c - % d -O, iind the value of 

fr - cd ^ r' -/r" 
a- -\ //- 2//- -I (‘d l\ahc 

3 , Simplify 2[4a- - { 2// f {2x - y)~{x-\- y)]\ 

4, Solve tlie equations : 

. , . x - d 2 X _ 1 - 2x* Ilx - -1// -- 25^ 

5 o 15 ’ 5;r -j 2 // - 7. 

5, Write doM u tlie scpiare of 2.r’ - u: { 5. 

6, Find the ll.C'.F. and F.C. M. of 5o“//’c, ]2u'*/y-r‘, loa'Vy^c. 


7, Divide by u---2u5-f 25-. 

8, Find in dollars the \)v\cr of :>/• articles at cetits each. 

9, Find the s(piare root of a:^ - 8a;'* t 24 x- - 52:f + 10. 

10. If n = 5, h ~ M, e = 1 , find the value of 

(i-\ h b-i c a~\ c 

11. Solve f^lx + o) - 7 ; = 1 ;! ■ '' (.e - 

12. A is tw'iue ius olil as li ; twenty years ago he was three 
times as old. Find their age.s. 


13. Simplify {I -2x)- {.'i - (4 - 5x)} + {G - (7 - 8a:)}. 

14. The product of two expressions is 

4- iyx'-^y 4- (yj'-y- 4 5xy* 4- Gy^, 
and one of them is 2x-4- Sxy t 2y'- ; find the other. 

15. How old is a boy who 2x years ago was half as old as his 
father now aged 40 ? 

16 . Find the lowest common multiple of 2a^, Sab, 5a^bc, GaIrCf la^h. 

17. Find the factors of 

(1) x2-xy-72y2 (2) Gx^-13x4-G. 

18. Find two numbers which differ by 11, and such that one- 
third of the greater exceeds one-fourth of the less by 7. 
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19 . 

20 . 
21 . 


If a - 1 . r -2, d = Q, find tho value of 

d- 

.Ir 


a \ h t d ^ (id, - hr r~ 
a -h c - d hd i ac. tv 


\ 


Simplify ?a; - y - |2r - ’y - 7 - (* - 4^ + ^2 - 'a; j 
Solve the equations : 

( 1 ) {;k 8){aT -f 2) - (4a: - 1 1 )(2a: + 1 ) = (a: - 3)(a: + 7) ; 


x-y,xiy 25 , - 2, ^ 

(2) -77-+ 3:+y-a= (I/-X). 


22. A train wliicli travels at the rale of /> miles an hour takes 
q hours lietween two stations ; what will be the rate of a train 
which takes r hours ? 


23 . 

24 . 


Find the sum of 


3 1,0. 2 A. 1\ I 1 

a- X, 1" ~x-{2a~ L x- a. 

4 3 2 3 \ 2/ 3 4 

llesolve inio factors 

{ I ) 1 2.i:'^ -{ ax - 20a - ; (2) a- - 1 0 - C)ax + 9 A 


25. J^olve 

(1) .T-l l+2(ar+3)=:4(:r-|-r)); 

(2) 4a: -j 9?/ = 1 2, (kr - 3// - 7. 

26 . Find the value of ^ ^ whena:^-^. 

x{ 1 1 3a-) - a:-‘ 3 

27. Find the quotient when the product of Ir f and 

is divided liy fr -'2lrr -\ %(:'-- c’*, 

28 . />, and (' liave ^IGS between them ; A’s share is greater 
than />’s by $S, and C’s sliare is tliree-fourths of d's. Find the 
share of e;ich. 

29. Find the square root of Oa:*^ ^ 12a:-’ -I- 22x”^ I- x ' h 1 2a’ + 4. 

30. Simplify by removing brackets a- ~ [(6 - c)‘^ - {c^ - (a - 
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Hir,nF..sT Common Factor. 

144. Definition. Tlie highest common factor of two or 

more al"el)raieal expressions is the e.r press! on of highest dimen- 
sions whieli divides each of them witliout rtanaiiider. 

Note, The term greatest common measure is sometimes used 
instead of highest common factor ; hut this usage is incorrect, for in 
Algebra our object is to find the fact(tr of highest dimension '■< which 
is common to two or more expressions, and we are not concerned 
wdth the numerical values of the oxpre.ssious or their divisors. The 
term greatest common rneasure ought to ho eontiued solely to arith- 
metical quantities, for it can easily he shown by trial that the 
algebraical highest common factor is not always the greatest 
common measure. 

145. We have already explained liow to write down by 
inspection the highest common factor of two or iuotv simple. 
exjuessions. |Sce Chaj). xii.] An analogous method will enable 
ns nxidily to tind the higliest common factor of compo?ind ex* 
pressioiis which are giviui as the jiroduct of factors, or which 
can be easily resolved into factors. 

Example. 1. Find the highest common factor of 
^cx^ and 2c.r‘ 4c V-. 

It wall be easy to pick out the common factors if the expressions 
are arranged as follows : 

= 4cx^, 

2ca^ + = 2cx-{x + 2c) ; 

therefore the H.C.F. is 2cx-. 

Example 2. Find the highest common factor of 
3a- -t 9a/>, a'* - 9a^>-, + 6a-?> + 9tah\ 

Resolving each expression into its factors, we have 
3a- -f 9a?> = 3a(a + 36), 

- 0a6“ = u(a + 36)(a -- 36), 
a^ -f 6a-6 + 9r/6- = a{a 4 - 36)(a + 36) ; 

therefore the H.C.F. is a(a-f 36). 
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146. Wlu‘n tlK^re are two or more ex])re.ssions coiitaiiiiiig 
(lifiereiit ])Ovvers of tlie same compoainl fador, tlui student sliouki 
l)ecaT (‘fid to notice (liat the liii^liest common factoi* must contain 
tlie lugliest power of tlie compound factor which is common to 
all the given ex})ressions. 

Example 1. The highest common factor of 

x[a - x)-j a(a ~ xf^ and 2ax{a - xf is [a - x)\ 

Example 2. Find the highest common factor of 

ax- - 1 - ^la~x I- «•', 2ax- - 4arx -- 6a"\ ‘A{ax + a^)^. 


Resolving the expressions into factors, we have 
ax- + *2a-x + o.^ = a{x- -f 2ax -f nr) 

= a{a: + a)- (1), 

2ax- - 4a-x - Cya? = 2a(a:- ~ 2ax - 

- 2a{x p a){x - *Sa) (2), 

3{aa: -f «-)- = 3[a(a: + a)}- - 3a‘“(*r + tt)- (3). 


Therefore fi’om (1), (2), (3), by inspection, the highest common 
factor is a{x + a). 


EXAMPLES XVIII. a. 


Find the highest common factor of 


1, X- - y-, X- - xy, 2. 

3. 3e‘^-2tt-7/, 3a--2ak. 4. 

5, - ed\ -(■-(/-. 6. 

7 . aV{a -xf^ 2d-x-(a-x)-, 8 . 

9, ax + x, a'^x ^ax. 10, 

11, x^ + xy-, x- -f.Ty, xh/ + xy“. 12. 

13. {a^-ax)‘% [ax-x-f. 14. 

15. x-’-x^--42x, x^-4{}x\ 16. 

17, a''-36a, u"' f 2n--4Sa. 10, 

19, 2x--[)x-{-4y 3x“ - lx -20. 20. 


3(a-/;ft a--2ah-4b\ 

9a- - 4Jr, 6a- f 4ah. 
x^' - x*y-y x^y- + x-if\ 

2x--8a: + 8, (x-2)‘\ 
x-y-'-yh xy-py^, xy-yK 
y\xy - y-f. 

(ahe - be-)-, (a-c - ac-)-. 

- ox-)-, .T'"' - Sx"* + 15x'^. 
2a‘^-f7a + 3. 

60^ + 70^-2001 


3a- + 7a - 6. 
3c^ + 5c3-12c- 


21. 4/a‘* - 9m-, 6?n^ - 5?Ji^ - 6m, 6m^ + 5m^ - 6/7ii 

22. 3a^ir'^ - + 4a-:r'^, 3a^a;- - 1 la%- + Ga^x^, 

3a^x^ + lOa^a:^ - T2a-a;^- 
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147, The hi^jbest eonimou factor slionhl always l>e determined 
by inspection wlum ]»ossihle, but it will sometimes happen that 
expressions cannot be I’cadily resolved into factors. 'J'o find 
the liighest common factor in such cases, we adoj)t a nudliod 
analogous to that used in Arithmetic for linding the greatest 
common measure of two or more numbers. 

148, We sliall now work out examph's illustrative of the 
algebraical process of finding tlie liigbc, t (ommon factor; for 
the ])roof of the rules the reader may consult tlie Elementary 
Algehra^ Arts. 102, 103. We may here conveniently enunciate 
two princi]>les, which the student should bear in mind in reading 
the examples which follow. 

I. If an ej'prcMion contain a certain factor^ any multiple of 
the expression is dirisihle by that factor. 

II. If tu'o exjo'essions hare <1 eoninion f (fetor., it will diolde 
their sum and their diferenee ; and also the siun tind the difference 
of any multiples of them. 

Example, Find the highest common factor of 

4x^ - 3x~ - 24a: - and y.r' - HE - olix ■ 39. 


X 

4E - SE - 24x - 9 

S.r' - 2a'- - .d3.r - 39 


4a:-' - daS - 2 1 a: 

- G.c- - 4S.I' - bS 

2x 

2a:-- 3a' -9 

4a:- - i)x - 2 1 


2a:- - 6x j 

4x- - Oa: - 1 (S 

3 

3a: -9 

X- 3 


3a:-9 



Therefore the H.C. F. is a: - 3. 

Explanation. First arrange the given expressions according to 
descending or ascending powers of x. The expressions so arranged 
having their first terms of tlie same order, we take for divisor that 
whose highest power has the smaller coeflieient. Arrange the work 
in parallel columns as aliove. Wlicn the first remainder 4ar ~ tirx - 21 
is made the divisor we put the (jiiotient a: to the left of the dividend. 
Again, when tlie second remainder - 3a: -- 9 is in turn made the 
divisor, the (juotient 2 is placed to the rhjht ; and so on. As in 
Arithmetic, the last divisor a:-3 is the highest common factor 
required. 

149. This method is only useful to dctei*mine the compound 
factor of the highest common factor. Simple factors of the 
given exjiressions must ]>e first removed from them, ami the 
highest common factor of these, if any, must be observed and 
multiplied into the compound factor given by the rule. 
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KxamitJe, Find llu' In^host comiKion fac-toi’ f>f 

- 'l-j"' flOx“ - .3‘2x ;uul 1 S.r^ - 3fb;^ - 1 8x. 

We have 24 x^ - 2 x^ ~ 60 x‘-’ -- \V 2 x = 2 x{\'lx' - x- - 30 x ~ 1 6 ), 
and 1 8 x^ - 6 x*'* - 39 x" - 18 x = 3 x(()X^ ~ 2 x“ - 1 3 x ~ (> ). 

AIho 2x and 3x have the connnon factor x. Removing the simple 
factors 2 x and 3;r, and rcHcrvimj their cominon factor x, we continue 
as in Art. 148 . 


2 x 

r)X''-2.r"-13x-r) 

12 x«- x^- 30 x- 16 | 


fix’ - 8 . 0 ’- - 8 x 

12 x'- 4 x-- 20 x 12 

2 

Ox- - 5 x - 6 

3 x- - 4 x - 4 


6 x" - 8 x -8 

3x-4- 2x 

V 

3x4-2 

- Ox- 4 



- Ox - 4 


Therefore the IT. C. F. is x( 3 x-t- 2 ). 


150. So far the process of Arithmetic has hcf‘n found exactly 
aj>pli(‘al)h^ t,o tlu' aig(‘l)rai('al ('\pi<‘ssi(His we liave eonsi<lere<l. 
lint in many cases certain niodilicat ions of tin' ai it limt4 i('al 
metlKMl will lu' found in*c('ssa,ry. d'hcsc will 1 m^ nmii' ch'arly 
understood if it is remendH'red that, at. evt'ry stagn^ the Avork, 
tlu* rc*inainder must contain as a factor of its«*lf the highest 
cominoii factor we are seeking. [See Art. 148, 1. & 11.] 


Excimjdc 1 . Find the highest common factor of 

3 r'-- 13 x- + 23 x - 21 and (lx* -f x- - 44 x + 2 l. 


3x'^-13xH23x-21 


Gx'^+ x"-44x + 2l 2 

0x‘^j- 26x" f 4(;.r-42 
27x- - 90x + ()3 


Here on making 27 x-- 00 .x +63 a divisor, we find that it is not 
contained in 3 x-’ - 1 3 x“ -f 23 x “ 2 1 with an infxjrdl c|uotient. Rut 
nothing that 27 x- - 90 .r t 03 may he Avritten in t lie form 9 ( 3 x- 10 x + 7 ), 
and also hearing in mind tliat (‘vei y i i'inaindei’ in the. course of the 
work c.ontains the If. (.1 F., w(} conclude that the H. C. F. Ave are 
seeking is contained in 9 ( 3 ./c - lO.r 4 7 ). 1 hit tlu^ tw o original expres- 
sions haa e no si'inph'. factors, tlierdore their H. (h 1 . can Iuia'c none. 
We may tlierefore reject the factor 9 and go on with divisor 

3x-- 10x4-7. 
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llesiiming the work, wo have 


3a"''- I3a/- + 23a:-21 
3a"''-10.r-+ 7x 

3.r- 

3a- 

-lOa + 7 
- 7a- 

- 3a-+l(>a-2l 


- 3a + 7 

- 3a’- j- 1 0.J- - 7 


- 3a + 7 

2} 6a 14 i 



3a'- 7 




Therefore the highest common factor is 3a* - 7. 

The factor 2 has been removed on tlic same grf)iinds as the factor 9 
above. 


151. 8oiiietiiiie.s tlie jmocess is move convenient when the 
expressions arranged in ascending ])<)W('rs. 


Example. Find the higlicst common factor of 


3 - 4n - IGo- - On*' (1), 

and 4: -7a- 19«- - eSn” (2). 


As the expressions stand we cannot begin to divide one ])v the 
otlier witliont using a fractional (juotient. 'J'he diihculty. may Ik; 
obviated by hifrotiuriiif/ a suitable factor, just as in the last case we 
found it useful to remove a factor when we could no longer proceed 
with the division in the ordinary w.ay. I'he given expressions have 
no common i^iniple factor, licnee their H.(\K. cannot be affected if 
we multiply either of them hy any simple factor. 

Multiply (1) by 4 and use (2) as a divisor : 


4- 7a ~ 19a-- Sa^ 

5 

4 20- 350. 9r>a-- 4Ua"* 

20-2.Sn,- 4Sn- 

- 7a- 47a-- 40a-' 


7 a 37)0 + 235a- -f 200a'' 

35a- S4a- 

2S4a-|284o-}-2S4^ 
1 + a 

Therefore the H.C.F. is 1 +a. 


]2-lGa-C4a2-36a3 3 
12 -21 a - 57a- -24a-'' 

a j 7)0. - 7 a- - 12a/' 

5 -- 7a - 12a- 5 
5-f 5a 


-12 c -12a'' 
-12a -12a- 


- 12a 
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Afto.r the first division the fa(‘tor a is n-niovc'd as explained in 
Art. 150; then the factor 5 is introdiKM'd lua'anse the first tenn of 
4 - 7a lOrr-Hrf^ is not divisible hy the first term of 5-7n ~ l‘2a‘“. 
At the next sta^m a factor -5 is introduced, and finally the factor 
284a- is removed. 

152, Fi'oni tlio last two examjih's it ajifiears that w(^ may 
multiply or divide eitlnu* of the 'j^ivaui (‘X)U‘essions, or any of the 
remainders which oecin- in the coursi; of the work, liy any faetor 
which does not divide hoth'^f the given expressions. 


EXAMPLES XVIIL b. 


Find the highest common factor of 

1 . 2 ^*^ -t- 8 a:- 4 - a: -C ( 1 , 2 a?’" I a’- { 2 a' -i- 8 . 

2. 2}/'' - 0//- -I- 0// - 7, 'if' ~ 5?/- 4- 5?/ - 4. 

3. 2.r’4 8a:--5.r 20, G.r’ - 4a:- - 1 5a- + 1 0. 

4 . O’" 1 , 8 ro' - Ifkr 4 12 , rf' j-a-- lOa f S. 

5. G:r'* - a'- - 7 r - 2, 2.r' - 7a:- 4 a: + G. 

6 . - •!/ I ■ - , (f • + 7(7 ” 8. 

7 . o/* [ r/" -- 2 n- 4 a - 8 , 5 ^'^ 4 - 8 rt- ■ 17 a ! G. 

8. ' 1 fi.y' ^ -^7/'’ 1 G//"* “ 41//'^ - 24 //“. 

9 . 15 a’‘‘ -l 5 .r'> i 10 .c--]l)a:, 80 .r' l 120 .r‘ 4 - 20 a- + 80 a-*. 

10, 2tn'^ f 7 ar' i 1 Oy// - 4 85 //t, 4 ^? ‘ 4 1 4 nr - 4'nr - ihn 4 - 28 . 

11, 3a:^ - Oar’ h 1 2a.-- ~ I2.r, Gar" - Ga:- - 15a' + 0. 

12, 2a/’ - 4a^ - 6a, a-’’ 4 a** - 8a'^ - 8a-. 

13, + 4a- - 2a - 1 5, a:^* - 21 a 8G. 

14, Oa^ 4- 2a-a:- 4- a"*, 8a'‘ - Sa/'.r i 5a-;r- - 2a.r^ 

15, 2 - 8a 4- Tia- - 2a‘’, 2 -- 5a 4 8a- Ma-l 

16, 8a:- - 5r* ~ 1 5a^ - ix\ Ga - 7a- - 20a" - I2a^ 


[For additional examples see Kkmenlary AJgchnu'] 
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Fractions. 

153. The principles explained in Chapter xviii. may now 
be applied to the reduction and simplification of fractions. 


Reduction to Lowest Terms. 

154. Rule. The value of a fraction is not altered if (ce multi- 
ply or divide the numerator and denominator hy the same (juantity. 

An alcrebraical fraction may tlierefore be reduced to an erpii- 
valent fraction by dividing nuinerator and denominator by any 
common factoi’ ; if this factoi- be tlie highest common factor, 
the resultfiig fraction is sjiid to be in its lowest terms. 

Example 1. Reduce to lowest terms - ‘ ' 

ISfC'x-- 12a-ar^ 

The expression - 

- ‘Jx) 

_ 

^ - 2x 


Example 2. 


Reduce to lowest terms 


nil . 2x{Zx-Ay) 2x 

J he expression = ' 

:\tj{:U~Ay) 3 ?/ 


Note. The beginner shouhl he careful not to begin cancelling 
until he lias ex])re.ssed both numerator and denominator in the most 
convenient form, hy resolution into factors where necessary. 


EXAMPLES XIX. a. 

Reduce to lowest terms : 


1 . 


3.^2 


2 , 


a? - 2a 
4a'‘ - 80?* 


i)X- - 'Sxy 


„ JiahA-h'^ 

"" + 2aW 
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Reduce to lowest terms : 


4. 

bx^yz^ 

5a:-y 4- lOo;-:: 

5. 

Ox- - 

6x-y - 2xy- 

g 2xY-S^ 

3x-y 4- 6x* 

7. 

a:- 4- 4a: 
a:- -f a: — 1 2 

8. 

7a-x - 7a-c 
Sex- - lOc-x 4- 5c‘ 

q X- 4 X - 30 
5 x-4-30x‘ 

10. 

{2ahby^ 

- a//- 

11. 

a" 4- 

(I ,- -ah - 2lr 

,0 2r-4-5cd-3d=* 

c- + Grd + ’ 

13. 

o:- -- 4.r 21 

14. 

2x- 15 

, p. 2x- 4 - X - 3 

2x-4-11x4-12 

3a- 4 10a 4 3* 

3x-- 12x-iy 

16. 

3a" - 24 

4a- 4- 4a — 24 

17. 

4ar^ - 25x;y- 
2x-4-xy - 157/- 

T 0 1 Sa" 4- Ga-a: 4- 2ax‘-^ 

iO. . . 

2/a-^ - a-' 


155. When the factors of tlie numerator and (leiioiiiiiiator 
cannot be dtderniined l)y inspection, tJie fraction may be reduced 
to its lowest tt'rms by dividin<r both numeraLoi’ and denomi- 
nator by tlie liighest common factor, which may be found by 
the rules given in Chaj). xvm. 

Example, ileduce to lowest terms f -oo: — .-I 

The n.c.F. of numerator and denominator is Sx - 7. 

Dividing numerator and denominator by 3a: -7, we obtain as 
respective (piotients x- - 2a; + 3 and 5a:- - a: ~ 3. 

Thus ^ ^ - 2a: + 3 

15ar' - 38a:- - 2a: + 21 ~ (3a: - 7)(5a:- - a: - 3) ~ 5a:- - a: - 3 

156, If either numerator or denominator win readily be 
resolved into factors we may use the following method. 

Examidc. Reduce to lowest terms — ‘ — • 

7ar'- 18a:- + 6a: + 5 


The numerator = x{x^ + 3x-i)- x{x -}- 4){a: - 1 ). 


Of these factors the only one which can be a common divisor is 
a:-l. Hence, arranging the denominator so as to shewx-1 as a 
factor, 


the fraction = i— 

ix-{x 


x{x + ^){x- 1) 
l)-lla;ia;~T)^a7-l) 


a:(a: -f 4)(x - 1 ) a^,r 4 4 ) 

(^- l)(7a:- - 11a;- 5) " 7a;- -Tla: -^5* 
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EXAMPLES XIX. b. 


Reduce to lowest terms : 


1 ar* - a:- + 2x - ‘2 
Sx*** + + 2 


2 

(V* - 1- i)(i ' 6 


„ ?/•' - 2//- - 2// - 3 

3//’ f 4//- I 4^ M 
n a'*--2a6“-|-2H>^ 
a? - Aa-b ~ 2iab- 
„ 5.r'5~4x-l^ 

2a:'^ - ox- 4- 1 


4. 


?/r‘* - vr - 2/;/, 
7?t-’ - m- - m ~ 2 


6. 

8 . 


a^x - 2(v^ 

3x^ - lUfu;- - Id-x — Au? 

r> + 2r-V/ - ^ 

2r' + (k'-V/ - 2Sr(/- - 24ci^’ 


Q x^-21x + 8 
8x^-21ar>+'l‘ 
^ , 1 - X- f 6x2^ 

2“X H-9x^ 


-in y^-f6;v^ + 2v'=-9/r_ 

;y^ + 7y" I 3;/- - llj/ 

1 rt 2 ox -- 4^’“ -i- tluH 

4 I 4x-j l)x“ + 4.r>--r)x^‘ 


[For additional examples see Elcuunitciry Al{ivbra.] 


Multiplication and Division of Fractions. 

157. Rule. To Diultlpltf UxfotJicr tu'o or ‘/norc frartions: 
multiphf the mtmeralors for a new /twneratory and th,e denomi- 
nators for a new denominator. 


Thus 


a c _ ae 
l^d'^hd 


Similarly, 


a c e _ ace . 


and so for any number of fi'actions. 

In ])ractice the a])|>licati()n of this rule is modified by I'e- 
movini,^ in the course ()f the work factors which aie common 
to numerator and denominator. 


yjf T o ” 1 ' r 2(J'*^ 4' ^a ^d/"" — iya 

Example. Simplify - x ,,, jg- 

The expressiou = +4) x 3) 

^ G(2a4-3) 

Vlaf" 

by cancelling those factors whicli are coiiimon to both numerator and 
denominator. 

158. Rule. To divide one fraction hp another : invert the 
divisor^ and proceed as in multiplication. 
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Thus 


a ^ c a d __ad 
b'^d^'h^c'^hc 


Exmnpk. Simplify x . 2* + 

ax - - 4a--' ^<ix + "la^ 

rpk.. ^x^-ax-2a-^^ x-a ^ ,3aa:H-2a- 

Ine expression = x , x 

ax ~ a- \)x- - 4a- 2x + a 


_ 2a){2x-\-a) ^ x ^ 2^ 

a(x-j!r a) (3x -i- 2a ) ( ‘Sx -2a) 2a; f a 

= 1 , 

since all the factors cancel each other. 


Simplify 


EXAMPLES XIX. c. 


1 . 

3 . 

5 . 

7 . 

9 . 

11 . 


13 . 


14 . 

15 . 

16 . 


17 . 


18 . 


a:- - 1 ^ 2^*^ + 6a:- 

X- 4 - oa: X- -j- X 

2r- f- 3rf/ . c + d 
4<^-W'''2al-Sdr 


a:- - 4 . a: - 2 

a:^4-4a: t 4 * a; 4- 2* 
a*- -f \)x ! 20 . a'- ^ 7a: 4 1 0 
a:“4-ru:4 4 ’ ./•- 4- .‘Orr*! ’ 

a ‘5 4 27 . a-~4a-21 

a- f-Uf^/ ! 14 * a- -49 

_/r4-12r) 27)^/--! 

r)//-’ + 24A - T)//- 4-25// 


6 . 

8 . 

10 . 

12 . 


2/'" + 4/> ^ -")/' + G 2p - 1 .5 

//- - 9 ]r - 5 /) 2r - 4 


64a-//- r- 1 a-- - 49 a: - 7 

X“ - X ~ 56 8a'*/> — a- ’ a-a: - 8a- 


_ a/^ + 2_ ^ «-?>- .3a />2 
4 a- - J 2a/> a-/>- - 4 

5// -lOy-^ 1 
\'’y- + tiy-' ■ 2y-l y- 
Ir -- 5/> ^ 9/>- 1 6a- 

'<^h - \a Ir ~ 25 
?/- - ?/ - 1 2 ?/- - 2?/ ~ 24 
?/-- 16 ' 
2 a- - 8a - 2 8(f- - 8a ~ 8 

a- - a ~i) 8rr - 5a. - 2* 

8';n- - ??i - 2 4??/- 4 - in - 5 
3wi“4-8w4-4 * W4-2 


4a:- 4- 4.r - 1 5 a: 4- 8 ^ 2a:- 4- 5a: 

a:- 4- 2a: - 48 2a:‘“^ - 1 5x f 1 8 ’ (a* - 6)- 

a- 4- 8a/> - 9/)^ x ~ ^ ^ y ^ ^ 

a- 4 - 6a/i - 27 />“ d’^ - a- - 8a/> - 4 />-’ 

aa:- - 1 6a/^ ^ a:^ 4 - ax - 20a- ^ a:- - Saa: + 1 6a^ 

a:- - aa: - 8()a‘-^ ax^ -f 9a-a; 4 - 2()rfc‘’ ’ a*- + 8aa: 4 - 1 iVt/ 


(a - />)- - c- ^ a- 4 - ah 4 - ax ^ (a 4 />)- - 
a--tt/> + ac: (a-c)--/>- (a4-/>4-c)- 


[For additional examples see Klemcniarij Al(jphra.'\ 
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Lowest Coimmon Multiple. 

159. Peftsttion. The lowest common multiple of two 

or more alci’elmiical expressions is the exprcMion of loireM dir 
memlonn whidi is divisihle hy eacli of tLein without nMiiainder. 

I he lowest common nndtiph^ of comt>oiind expi’cssions winch 
are given as tlu* product of factors, or which cn,n he easily 
resolved into factors, can he readily found by inspection. 

Example. 1. The lowest common multiple of Qx'{a - a:)-, 8a"(n ~ xf, 
and }2ax{a - xf is 24a'V-(a - x)'\ 

T or it consists of the product of 

(1) the L.C.M. of the numerical cocTicients ; 

(2) the lowest power of each factor which is divisible by every 
power of that factor occurring in the given expressions. 

Example 2. Find the lowest comnK»n multiple of 
3a- -f- 9a/>, 2a‘’ - 1 d' + (»a-/> + 9a/>-. 

' Resolving each expression into its factors, we have 
3a- + 9ft/> = 3a(a 3//), 

2a‘^ - 1 Sa^- = 2a(a + 3?>)(a - 3^>), 

+ 6a-6 + {)alr - a(a + .‘’>^)(a + 36) 

= a(o + 36)-. 

Therefore the L.C.M. is 6a(a + 36)-{a- 36). 

Example 3. Find the lowest common multiple of 
(yr.- - xyzf, y\xz- - a:'*), + ^xz^ + x-z^. 

Resolving each expression into its factors, we have 
{yz- ~ xyzf = {yz{z - xYf = y^-:\z - x)\ 
y\xz' - ar') = y-x{zr- x-) = xy-{z - x){z + a:), 
z^ -f 2xz^ + x-z’^ - z\z- + 2xz 4- x^) = 7x{z + x)\ 

Therefore the L.C.M. is xyH-{z‘\-xf[z-x)\ 
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EXAMPLES XX. a. 

Find tile lowest coiiinioii multi j)le of 


1 . 

CSJ 

1 

r- - : 

3a;3. 


CO 

iSrfv* - 8m2. 

4. 

6a:2, ar*4-3a;-. 5. + ^ V' 

*-6. 


6. - 4, 

a;^4-8. 

1. 

9a-h - h, 6ti- 4 - 2a. 

8. 


-^'4-1 

, P-1. 


9. 

7/r~5m4-6, 711 - 4- 5m -14. 

10. 

y- 

f 3y^ 

y" - 9yl 


11. 

X- - 9a; -f 14, x^ 4 - 4a: - i2. 

12. 

X ''' ' 

f27y‘^ 

, a;- -f a:y - 

Gy-. 

13. 

Ir 4- % 4- 20, 6“ + 6 - 20. 

14. 

C-- 

-3ca:- 

■ISa;-, C-- 

Sea; 4- I2a;l 

15. 

it^ ~ 4a - 5, a- - 8a 4 - 15, a" - 

2a-’ 

- 3a. 




16. 

2a:- ~ 4a;// - 1 Oy-, x- - ijxy 4 Sy", : 

^.c- - 

12y-. 



17. 

3x’-^ - 12a’-a:, 4x- 4 lOax 4 - 1G(« 

2 ^ 

18. 

a'*c - 

-w’c\ (a-t 

; 4- ac-)-. 

CO 

(a'-a; - 2tta:-)-, {'lax - 4a;-)-. 


20. 

{2a- 

-a-)'/ 4a- 

~4a^'4'a‘*. 

21. 

2x’- - X - 3, (2x’ - 3)-, 4a;- - 9, 






22. 

2a'- - 7a: - 4, 6x'“ - 7a; - 5, or" 

- 8a; 

‘-^4- IGa:. 



23. 

1 - y\ i:ty\x - yf, 

12a; 

'y{x- 

-y)(a;2 

-fi 



24. 2a;" + 0;- 6 , 7a;“-f llo;- (>, (7x"-3a;)-. 

25. - 3ax’", lOa-x - 1 hrx- - 6xr\ 1 Oa- - 21ifx - 

160. When the given exjiressions are siieh that their factors 
cannot he deterniiiied hy inspection, tliey must be resolved by 
finding the highest coiumon factor. 

Example. Find the lowest common multiple of 

2x* 4- - 20x’- - lx f 24 and 2a;-* f- - 1 - 7;r 4- 15. 

The highest common factor is a;-4-2x-3. 

By division, we obtain 

2a;^ + 7 ^ ~ 20a:- - 7a; 4' 24 = (a:^ 4 - 2a: - 3)(2a:- - 3a: - 8). 

2a;^ + - ISx- - 7x' 4- 15 = {x- 4 - 2x - 3}(2x" - x ~ 5). 

Therefore the L.C.M. is (a;2 4-2a;-3)(2a:--3a;-8)(2a;--a:-5). 
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EXAMPLES XX. b. 

Find the lowest comiiioii multiple of 

1. - ea:‘- - 13a; - 10 and or^ - a;-.- lOo; - 8. 

2. + 3?/- - 3</ - 9 and f f ?>if ~Sy- 24. 

3. + 3?>i“ - 7)1 - 3 and + 6m- + 1 1 m + 6. 

4. 20;"* - 2ar" + T- + 3a; - 6 and ~ 2a;*‘'M- 3a: - 9. 

5. Find the higliest common factor and the lowest common 
multiple of (x - x-f, (a:- - a,"’)-, x’‘* - x\ 

6. Find the lowest common multiple of ((i^~a"x-)'\ (a- hax'p, 
{ax - x-)'K 

7. Find the highest common factor and lowest common mnltij)lc 
of Gx- f5.r--6 and 6x--f a;”12; and show that the ])roduet of the 
ll.C.F. and L.C.M. is equal to the product of the two given expres- 
sions. 

8. Find the highest common factor and the lowest common 
multiple of a- + 5a6 + 66-, a-- 4//-’, cr - 3a//- + 2/f ^ 

9. Find the lowest common multiple of 1 - x- - a;^ + x*'" and 
1 -H 2x -{ X- - or* - rl 

10. Find the highest common factor of (a’*^ - 4a/>-)-, (a^-\'2a“b)'\ 
(a-x + 2abx)‘^, 

11. Find the highest common factor and tlie lowest common 

multiple of (3a- - 2a.,r)-, 2a-x(9a- - 4x-), - 13a‘-x- -{ 6ar\ 

12. Find the lowest common inrltiple of x'* x- // -r x//-. x'y-y^, 
x^y + x'tf-vxif, 

[For additional examples see Eimmtary Ahji’bra. '] 



CHAPTER XXL 


Addition and SuurRACTioN of Fractions. 

IGl. To find the algebraical sum of a nurnlHU’ of fractions 
we must, as in Arithimitic, lirst reduce them to a common 
(leimniinator. Foi‘ this ]inr|»os(^ it is usually most convenient to 
take tlie loivest common deiKuniiiator. 

Rule. To re(h(<r fraations to tlo-lr loivest common denomin- 
ator: find the L.C.M, of the (fireu denominat o’s^ and take it 
for t/o' conunon denominator ; diride it h// the. d^momi mUor of the 
first fraction^ and nudtifdtf the nnmerator of this fraction, bt/ the 
<}ni>iient so obtained; and do the same with all the other given 
fractions. 

Example, Express with lowest eoiniuoii denonimator 

bx , 4a 

and 

2a{x - a) - a'-) 

The lowest eoimnon denominator is - a)(a7 + a). 

We must therefore multiply the numerators by 3a;(a’-fa) and 2a 
respectively. 

Hence the ccpiivalent fractions are 

ir.a;=(:c + ,.) 8«-- 

(jax{x - a){x + a) Gaa;(x' - a){x + a) 


1G2. ^V e may ntjw enunciate the rule for the addition or 
subtiaction of fractions. 


Rule. To add or subtract fractions: reduce them to the 
lowest common denominator ; find the algebraical sum of the 
numerators,, and retain the common denominator. 


Thus 


a- c ad-^hc 
bd~' 


and 


a c ad — he 
b d bd 


H.A. 


z 
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163. We begin with examples in further illustration of 
those already discussed in C-hapter xii. 

Example 1. Find the value of ^ 

^ 3a ^ 9a" 

The lowest common denominator is 9a". 

Therefore the expression = 

_ 6ax + 3a" + - ‘lax* _ 3a" + 2ax + 5x^ 

” 9a" “ 9a" 

Example 2. Find the value of ^ ~ ^ ~ ^ 

xy ay ax 

The lowest common deiioiiiinator is axy. 

Thus the expression = - ‘lb 

axy 

ax - 2((y -f Sxy ~ ax - *ixy + 2ay 
axy 

= 0 , 

since the terms in the numerator destroy each other. 

Note. I’o ensure accuracy tlie beginner is recommended to use 
brackets as in the tirst line of work above. 


EXAMPLES XXI. a. 

Find the value of 


T a-2 a-1 a+5 

2 +~6'‘ 

„ 2b-\ h-s 76+:t 

6. — 5-- + -2 - 10 ' 

r- 2x~ I 3x - 1 X - 2 

5. — 

7. 

yz zx xy 
Q 2a" - r)a a" + 3a" 9a" - a^ 
a 

n 3a3-3c8 

TQ 2ay-xy + 4:X , a 
2xy 2x 


n 3x - 1 X + 3 2x - 1 
"• 4-+ 6 + 3- 


2m - 5 

m + 3 

w-5 

_ y -- 

■“6 + 

12 * 

2x-5 

X - 4 x" 4x 

X 

X 

3x" 

a + x 

a l-2x 

X - 5a 

^2tt 

^ 3a 

Ga 


X + 7/ 

6x?/ - 4x" 

y 

X 

3xy 


.. n cil>- l>c a 2a^ - ah 
~~2hir ~ Wc~ ' 2ah~' 

, . ar~ab b - c 2c" - ac 
a"6 be c"a 
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164. We shall now consider the addition and subtraction 
of fnictioiifl whose <lenoniinators are compound ex])res.sinns. 
The l(mmt coinmon 'tmiUijde of the denominators should always 
he written down by inspection when possible. 

Example \. Simplify ^ 

X -2a X -a 

The lowest common denominator is {x - 2a)ix - a). 

H(;nce, multiplying th ' numerators by x-a and x-2a respec- 
tively, we have 

the expression = - «> - (2a; - a)(x- 2a) 

{x - 2a){x - a) 

2x^ - iiax f .So- - {2x- - oax + 2d-) 

(a: - 2(i){x - a) 

2x- - rtax f ^nr - 2x- + 5aar - 2a? 

“ {x - 2a){x - a.) 

a2 

” (a; - 2a){x - a) 

Note. In finding the value of such an expression as 
- (2a; - a){x - 2a), 

the beginner should first express the product in brackets, and ^hcn 
remove tlie brackets, as we have done. After a little practice he 
will be able to take both steps together. 

Example 2. Find the value of 

a:- -16 {a:-t-4)- 

The lowest common denominator is (a; ~4)(a; + 4)-. 

Hence the expression = <3^ + 2)(* + 4) + - f )(^ r_l) 

_ 3a;2 + 1 4x 4 - 8 4 - a;- - 9a; + 20 
{a;-4j(a; + 4)- 

^4a;2 + 5a: + 28 
{x -4)(a: + 4)-* 

165. II ft fraction is not in its lowest terms, it sliould He 
simplified before it is combined with other fnictions. 
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Example, 


Simplify 


^ + 5a?y - 
x^— 1%-^ 


XiJ - 

a;- + xy — 1 2i/** 


The expression = 


x^ + ^xy - 
x^ - 


?/(a ?-3 ?/) 

{a:+4y)(a;-3y) 


_ a:- + 5a:y - 4y* __ y 

a; + 4?/ 

_ a:^ + 5a:y ~ 4y^ - y(a; - 4y) 

- 16y-^ 

_ a;- + ^xy *- 4y- -xy-\- 4y^ 

_a;- + 4ary_ a:(3: + 4y) x 

x^-\Qy^ {x + Ay){x ~ Ay)~ X - Ay 


EXAMPLES XXI. b. 


Find the value of 

1. 

4 . 

7 . 

10 . 

12 . 

14 . 

17 . 

19 . 

21 . 

23 . 


1 

1_^ 

2. 

1 

1 

3. 

1 1 


a - 2 

■^a-3 


a;-4 

a;-2 


1 

-4- 


a 

6 

Pi 

a-x _ 

aH-a? 

fi 

a 3 a — 3 


x-a 

a? - 6 


a + a? ^ 

a, - a? 


a - 3 a + 3 


X 

a?“ 

8. 

3a 

1 

9. 

a;- X- 

— - -h - - 


x-\ 

a? “- i 


a^-4 

a + 2 


a?- - 4;//-' a? + 

2y 

1 

1 




3a 

2a 


a{a - 

6)^a(a + 6)* 



JLX« 

2a:(a? - a] 

1 3x(x+a)' 


5 

a:-2 

4a; 

” {x~2){x+ 1) 


13. 

1 

r-2y- 

J{l/ + 2) 

rry'^-y-e* 


1 

a 

15 

3 

2a; 


36 

2 

1 -a 



x + y 

(a; + y) 

,2' -LO 

• (6+1)-' 6+1 


2a? + y 2x~ y 
x^-y^^\x + yf’ 

^ xy 

xy ~y^ x^y 
4a_ 

2ab - 6^ 2a + 1> 
26-4 1 


6=‘+8+6+2' 


18 . 

20 . 

22 . 

24 . 


6 + c 


h^2c 


Ir - 26c + l)^ - C-’ * 

a® + 2a a 
d^ + a-2 a + i* 

a?^ 1 

0^+1 ”* 2 ?+ 1 * 
a? ^ - 2//- xh / - 2y^ 
x^'^xyA-y^'^ 
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Find the value of 
1 


25 . 

27 . 27 + 2 - 


1 


- G(x + 9 a- - 5a + 6 

x-2 
x-\ 

QH 1 2 1 

X x-2^x-^ 


26 . 


1 


tt- - 3a 4- 2 a- + 3a - 10 


28 . 4 + “^®_ 2 a. 

Z + a 


29 . 


1 


1 


X+l X 

31 A__L__ 2 . 

a+2 a-2 a+6 


166 . Tlio ftdlowiiijf examples furnish additional practice in 
the sim])liiicatiuii of fractions. 


4 . ‘> 7 ft 4-^ 

Example. Simplify - - -- - y" - + ' 

36 + 3 56 - 5 6*^ - 1 


The expression = 


4 

3(6+1) 


2 76 + 5 

5(6-1) 6-- 1 


20{6-l)-(;(6 + ]) + 76 + 5 
l5(6-- 1) 


216-21 ^ 21(6-1), 7 
15(6-- 1) 15(6''-r) 5(6+1)* 


167 . Sometimes the work will he simplified by combining 
two of the fractioiiH toi^etlier, instead of finding tlie lowest 
common multiple of all the denominators at once. 


3 1 

Example. Simplify — - 

8(a-a:) 8(a + u:) 

Taking the first two fractions together, 

,1 • 3(a + a:) - (a - x) a-2x 

the expression = - !, ~ ^ — - 

8(a^-x-) 4(a- + x-j 


a - 2x 
4(a- + X-)* 


a + 2x _ a - 2x 
4(a- - X- j 4(a‘** + x-) 


(a + 2x)(a- + x2) - (a - 2x)(a“-x-) 
4(a'* - x* j 


d^ + 2a^x + ax- + 2x^ - {d^ - 2a-x - ax® + 2x*) 


4a®x + 2ax® _ ax(2a + x) 
4(a4 „ X*) 2(a* - x*)' 



134 


ALGEBRA. 


[CIUV. 


EXAMPLES XXI. c. 

Find the value of 


1 . 


3 . 


5 . 


7 . 


9 . 


11 . 


13 . 


14 . 


15 . 


16 . 


17 . 


18 . 


19 . 


20 . 


21 . 


6 

3 

2-,3a: 

2. 

1 

1 


2a: - 1 

2a: +1 

4a:- -1* 


2a -1- 3 c 

2a - 3c 

4a- - Oc® 

14 2« 

3a“ 4 2a 

+ 1. 

4. 

2a: 

_ 

4a-- 9a 

3 - 3 a 

2 - 2a- 


9-6a: 

6 4- 4a- 

27 - 12a2* 


^4- 

a- 

6. 

2 

a 3 

2 

a; - a 

{x-ay 

y^af 


(a4-lp 

(a+Jp 



a 

ah 

8. 

] 

1 1 


(a - b]''^ 

a-b 

(a ~ bf 

X j- 3 

-1- . 

x x 4 1 


1 

2y--y 

-^'2f- 

1 

4y-r 

10. 

5 

4 1- 3a: - 

»> 

- a- 3 -f 4 a + x^' 

1 

4- ^ 

2 

12. 

2 

4- 

1 

z{z-[) 

::(;:4-l) 

~ Z--1 


(a--2)- 

a-'-i-4 

a -2’ 

2 


3 , 


1 



3 - a 

(24-a)(3. 

-a)(r4-2a) I 

(3 - a)(l +2u.)‘ 



y_- 

2 

2(//-3) 

y 

-4 




\y - *^)\y - 4) {y - 2){y - 4) {y - 2){y - 3)* 
1 _ 2 -{-x 2 -1- + 3a;‘^ 

l-x {l-x){2-x) (1 -x)(2-a;)(34-a:)* 


2 3 ^ I 

x^ - 5xy 4- 61/“ or -xy - ijy^ x- - 4y^ 
5a _ a + 3 a+\ 

G{ - 1 ) 2{a^ + 2a - 3 ) TW- 4 - Oct 4- 3 
X- 5 ^ 2x Hx- 6 

x^ - 4a: - 5 a:‘'^ 4- 2a; x-^-hx- 6 
a _ b‘^ 

a-b aP 4- 4- b'^ a^ - W 

3(6 - a :) ^ a:-3 _ _1 

ar^ + 27 a:^ - 3a: 4- 9 a: 4- 3* 

1 1 4a:y 

{x-yf^ 4- 2xy + y^ X^~ 2x^y^ 4- y*" 


99 a: _ a _ tta: 

(aj-ap x^~a^ {x-af 

_L 24 ^ 

2-i 2 + * 4+^“’ 4(l+a;) 4(1 -x) 2(l + r') 


23 . 
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25 3 - 3__ 2 

2m - 4 2m |- 4 3m- + 12 

27. - “ - * - f 

a - 0 a + b a- 

x-iS x~'6 X a:-3 


26. 


28. 


20 L- 1 + 1 _-J 

a- 6 3(a-2) 3(a + 2) a+6’ 


2rt, - 6 _ 2a - 3 
a- - ( ia + 9 a- - a - 6 
a; - 3 _ a: - 1 1 

a;-4 a:-2 {x- 2f' 


168. To find a meaninp^ for the fraction - — we define it as 

- b 

tile (j[Uotient resnltiu" from the division of —a by —h ; and this 
is obtained by dividing a by ft, and, by the rule of signs, pre- 
fixing -f. 

Therefore ~ = 4 - ^ ^ (1). 

— ft ft ft 

Again, - is the quotient resulting from the division of 
ft 

by ft ; and this is obtained by dividing a by ft, and, by the rule 
of signs, prefixing — . 

Therefore ~ ^ 


Likewise is the quotient resulting from the division of 

a by -ft ; and this is obtained by dividing a by ft, and, by the 
rule of signs, prefixing — . 


Therefore 


a 

-ft 


a 

ft' 


.(3> 


These results may be enunciated as follows : 

(1) Jf the sig7is of both vumeraUyr and denominator of a 
fraction he changed^ the sign of the whole fraction wilt he un- 
changed. 

(2) If the sign of the mimcrator alone he cha7iged., the sign of 
the whole fra cti 071 will he changed. 

(3) If the sign of the denominator alone he changed.^ the sign 
of the 7vhole fraction will he changed. 


Example 1. 


ft ~ a - (ft ~ a) - ft + a a - ft^ 
y -x~ -{y -x)" - y ^x" x-y 


_ -a: -f a?- a;- - a? ^ 

” 2y ~ ~ 2v 


Example 2. 
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Example 8. 


8.r 
4 - 


8a: 8a: 

- 4 + a:- ^ ar‘"* - 4 


CL 

Example 4. Simplify 4- “ ~ 4. 

X ~h a X — a 


a (8a' - a ) 

ft- - X“ 


Here it is evident that the lowest common denominator of the first 
two fractions is a:- - ft>‘, therefore it will he convenient to alter the 
sign of the denominator in the third fraction. 


Thus the expression = 


ft 2x «(8a' - ft) 
a: + ft a: - ft x “ - a - 

a{x - a) f 2x{x 4- a) - a{^x ~ a) 


X- - ft- 


ax — ft- + 2x- 4- 2fta: - 8fta’ + ft.^ 

X- - ft- 

X- - ft-* 


Example 5. Simplify -i + - — ^ , -1- 5 - . 

^ (ft - b){(i - r) [h - r){b - ft ) (r - a){r - b) 

Here in finding the L.C.M. of the denominators it must he 
observed that there are not ■•<ix dill'erent conj])()und faeioi's to Ixi 
considered ; for three of them difVer from the other three only in 
sign. 

Thus (ft- r) = - (c— ft), 

{b-a) = -{a-h), 

{c -(>) = - (?) - c). 

Hence, replacing the second factor in each denominator hy its erpii- 
valent, w^e may w rite the expression in the form 

^ ]_ _ 1 1 

{a-h){c-a) {h~c){a-h) {c-a){b~c) 

Now the L.C.M. is {b-c){c-a){a — b) ; 

and the expression = 

^ (6-f)(c-«)(ft--A) 

_ - 4- c - c + ft - ft t b 

ib-c){c-a.){a~b) 

= 0 . 


Note. In examples of this kind it will he found convenient to 
arrange the expressions cyclically, that is, so that a is followed by 6, 
fc by c, and c by a. 
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169, If tlH» of oaoli of /?/Y) factors iu a ])ro(]iict is changed, 
the sign of iht* j^iodiu t is uiKilt.i'rcd ; thns 

(a - .r)(?) - ^r)~ { - (.v ~ a)}{ - (.r - h)] {.t ~ a){x - h). 

Similarly, {a - .r )® = {.v - 

In other words, in tlie simplification of fractions w(i may 
change the sign of each of tiro factors in a denominator without 
altering the sign of the fraction ; thus 

1 ^ 1 

{h -a)\c~ h) {a - hy h - c)’ 

170. The arrangmnent adopted in the following example is 
worthy of notice. 

Example. Simplify — ^ 1 

a - X a -f X (r + x- a'^ + x* 

Here it should he evi<leut that Die first two denominators give 
L.(\M. o.“- .r“, which r(‘a(lily comhines with rr f-.r- to giv(! L.C^M. 

•T'*, wliich again comhiiu'S with rr* \ x^ to give L.C.M. 

Hence it will he convenient to ])roceed as follows ; 

1 he expression = , - - 

a- - x- 


2x 

2x 

ar - x~ 

cr -f 

43’’^ 

4a:*'* 

~ x"^ 

ft^ + ar* 

Sx"^ 


a«-a:8' 



EXAMPLES XXI. d. 


Find the value of 

, ' 5 _J\x 4-Ux 

T+ 2 x' r-2x' 4:r- -r 

0 A ^ 1 ^ 

• (i(ar~J} 2(1-0} :Ma-hiy 
X -f a x - a ^ 4ax 
X- a x + a a~ ~ a;- 


2 2 ^ 1 . 

9 - li 1 o a - 

A -y - i-F+8 

2^^-\^ (h/ i 9 27-12y^ 

3 + 'Zc 2c-3 4C--9 


5 . 
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Find the value of 

7. 

9. 

11 . 

12 . 

13. 


a _ h ^ h 
a-b a-{-b h~a 

a a _ a 
x-a^ x^-l' 

1 2 


ft o- , ^ 

+ b^-a^' 


x^ - ary 

y6 _ jjjB ary -Tyi' 


1 


{y-2){y-'d) iy-m-y) {y-\)iy-2) 

a h ^ X 

{x - a){a - hj \x - b){a - b) {a ~ x){b - x)‘ 

1 T 1 0 . 


_L_ 14 

a:-l (l-a:)^ 2a:-l 


ah 


a-h {a~ (/> - a)^ 


ip- a + c h + c x-z _ y~'^' ___ 

{a-b){x-a) {h-a){b-x) * {x~y){a-x) {y-x){y-aS 


•I ly CL -\-b 2ct ~ ci“h 

li, ___ + 


IP a? - ah _ CL^ - }r a 
b^-ab ab-cL^ b' 


19. 

20 . 
21 . 
22 . 

23. 

24. 

25. 




a + x a~2x x-a 2x-ha 
a + x 6X + a x-a a - Sx 


X 


+ , 




{x-y){x-z) {y-z){y-x) {z-x){z-y) 

a , h , c 


. + r- 




{b-c){b-a) {c-a){c~b) {a-b){a-c) 






x-y 


{x-y){x-z) {y-z){y-x) {z-x){z-y) 


1 +p 


:+7 


1 +</ 


1 +r 


{p-q){p-r) {q-r){q~p) (r-p){r-q) 

1 1 . a; x^ 

4(x-ha) 4(a-x) 2{x^-a^) a* -a:*' 

Oft 1 l 

^ * 2a^(a + xj 2ci}\x-a) cb\a?-\-x^) x^-a® 

07 _A_+"!±^+ 

d‘-b‘‘ d- + }r h*-a* (a + <<)(«“ + 6'‘) 

1 2 2 1 



CHAPTER XXII. 


Miscellaneous Fractions. 

171. Definition. A fraction whose numerator and deno- 
minator are wliole numbers is called a Simple Fraction. 

A fraction of wliicli the numerator or denominator is itself a 
fraction is called a Complex Fraction, 
a a 

Thus i - are Complex Fractions. 
h X c 

c d 

In the last of these types the outside quantities, a and d, 
are somet imes referred to as the extremes^ while the two middle 
(piaiitities, b and c, are called the means. 

Instead of usine tlie horizontal line to sejrarate numerator 
and (hoiominator, it is sometimes convenient to write complex 
fractions in the forms 



Simplification of Complex Fractions. 

172, It is proved in the Elementary Algebra^ Art. Ill, that 
a 

h a . c _a d _ad 
c h ’ d h c be 
d 


The student should notice the following particular cases, and 
should be able to write down the results readily. 


1 = 1 - 

a 


1 ^ ^ 

= 1 x-=-. 
a a 


a i ■, T 

a-f , ~axo=a6. 
1 b 


i 
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173. The following examples illustrate the simplification of 
complex fractions. 

Example L Simplify 

a* 

X— 

3 ? 

The expres8ion = 

\ X / \ X J X X" 

_x^-ha^^ x^ _ X- 
X x^-a^ x^- 

Example 2. Simplify ^ 

(X 1 3 

6 2 a 

Here the reduction may he simply effected by multiplying the 
fractions above and below by Ga, which is the L.C.M. of the 
denominators. 

Thus the expression = 

a- 4- 3a - 18 

^ 2{a‘'^ - 6a 4- 9) _ 2( a-.3) 

(a 4- 6) (a- 3) “ a 4- 6 


+ h‘^ a^- 

Example 3. Simplify 

a-h a+b 


The numerator = 


(a- + /r7--(o“-/>2)3 




{ a- 4- //-){a- - 6-) (a- -f frj{ a- - 6”) ’ 


similarly the denominator = 


4ah 


(a + b){a - h) 


Hence the fraction = 


iab 

(a** -f 6^)(a- - 6“) * \a + h){a-h) 


4a-6^ {a-\-h){a-b) 

icA 


ah 


ifote. To ensure accuracy and neatness, when the numerator and 
denominator are somewhat complicated, the beginner is advised to 
simplify each separately as in the above example. 
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174. In the case of Continued Fractions we begin from 
the lowest fraction^ ajid Hiin]>lify step by step. 

Example. Find the value of . 


2 + 


The expression = 


l-x 

1 


4_ 3 ~4,3(I-a:) 

2 -2x-i-x 2- X 


l-x 

1 


1 


Find the value of 

1 . 

6 . 

9. 


8-4ar-3 -}-3a :~ 5-ag 
2-x~ 2-x 

_ 2-x 

5~x' 

EXAMPLES XXn. a. 


1 

2. 

a 

3. 

\-a 

x-^l 

z 




a X 


1 1 


d 

X a 

6. 

^Ljf. 

7. 

1 1 


y ^ ' 

a 1 

X a 


x~y 


l)~d 

a+ -5 
a 


10, 



a* a 


S^--+3 

y 



x-2-{- 


12 . 


15. 


a: + 8 


6-2 


12 

X-4+ -~ 

x-i 

c-hd c-d 
c-d c+d 
c-hd c~d 
c~d^c^d 


13. 


16. 


6 

'6 + 3 


6-4 + 


6 

6 + 3 
a — b 
1 - ah 


a{a - 6 ) 


18. 1 + 


l+i 


19. x+ 


l-ali 

1 


11. 


14. 


17. 



n 


Ih 

n 

a b 
6 - 

a- ^ a6 ^ h‘^ 
a: + 3 jr + 3 


/ 


x + 4 


4 ^x-l 


20. 2 


a: - 3 a: - 3 

- <! 

d 
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Find the value of 

21. — ^ — 


X 

X 

l-x^ 

05 y 

X 

1- i-y 

1-1 

1-^ 

l+.r 

2-y 

x^-l 

28 . 'I"” 


3a ~ 2c 


175. Sometimes it is convenient to express a single fraction 
as a group of fractions. 


Example, 


5ar?/ “ _ 5a:-?/ _ 10a??/- ^ 


l()a:-?/‘“ 10a?y iOa?-^'* 

2y X 2a?“ 


176. Since a fraction represents tlie quotient of tlie nume- 
rator l)y the denominator, we may ofte n (‘X})r(‘ss a fniction in an 
equivalent form, j>artly integral and j>ari!y fraciioiial. 

Example 1 . ? ^ fjl = 14 -- ^ 

X + 2 X + 2 X + 2 

Example^. ^ = 2(£±^)zi^ = + 5)-J7 = 3 - H-. 

a? + 5 a? + 5 a? + 5 a; + 5 

Example 3. Shew that ~ = 2a? - 1 - - 

* a?-3 a?-3 

By actual division, a? - 3 ) 2a?2 - 7a? - 1 ( 2a? - 1 

2a?2 - 6a? 

- a?- 1 
~ a? + 3 

I 4 

Thus the quotient is 2a?- 1, and the remainder — 4 . 

Therefore ^r l^ zl = 2a: - 1 - -i- . 

x-3 x-3 
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177. If the numerator he of lower dimensions than the 
denominator, we may still jierform the division, and express the 
result in a form which is partly integral and jiartly fractioiiaL 


Example. Prove that = 2a: - 6ar^ + 18a:® - - 

l+Sa:"^ l+Sx^ 


By division 1 + Sa:^ ) 2a: ( 2a: - Gar^ + 18a:® 

2a: + 6a:^ 

- 6ar^ - 1 Sar® 


whence the result follows. 


ISa:® 

IHar®-f - 54a;^ 
-54^7 


Here the division may be carried on to any number of terms in 
the (jiiotient, and we can stop at any term we please by taking for 
our remainder the fraction whose numerator is the remainder last 
found, and whose denominator is the divisor. 

Thus, if we carried on the quotient to four terms, we should have 


2a: 

l+Sx^ 


2x - 6x^ + 18a:® - 54a:' + 


W2x^ 
i +3a:‘^ 


The terms in the quotient may be fractional ; thus if 
is divided by a.’® — the first four terms of the quotient are 

_ 4. _ and the remainder is 


178. The following exercise contains miscellaneous examples 
which illustrate most of the processes connected with fractions. 


EXAMPLES XXII. b. 


Simplify the following fractions ; 


1 

* 1 + 2a: + 2a:‘'^ + ar^ 

^ 7^- \ ^ X^ + x‘^+ 1 

* a;-l a:^+a:+i’ 


2 12a:- + a: - 1 ^ 1 + 6a; + 

1 ~ 8a ’ + lOu;- * Iba:-^ - 1 

A a +h _ 2fi 

a-^ - ah - 2/>- a- - 45^* 


6 . 


[x-^yf _ {x~yf ^ 


x-y a:+y 
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Simplify the following fractious : 


7. 


9 . 


af>x- ' arx f hxi/ ~ cy 
ax^ f xy - ax - y 


x\a~x a{-llx/ 


o 

x ’2 - 6 x + 8 


— 


8 

llx + 28 


-j- _ — 

ar -- 


5 

9 xTjT 


10. 

3ra- ^ 

lia a 

11. 

X- -f a- 1 

3a + 1 3a — 1 

a'* 4" X'* X 4- a 

12. 

1 1 

13. 

X - 1 

1- -i‘ 

X - 1 X + 1 

-27.c+_54)- 
1 - X 

14. 

af{a- 4“ h") 4 a/>{f*- 4- (P) 
cd{a“ - 6-) -f- aO{c- - tP) 

15. 

{ .^_xL. 

\ 1 4- X- X- / X- 


L6. 


1 


- 8 ox- + 4 tt^ 


1 

ar^ - ax- - 4 a-x + 


17. 


a- 'H 4 


a 2-4 

61 ‘H 8 


a 



a 


19.. 


2ar^ 4- - 3x ^ Sx^ - 8x - 21 

85x- + 24x - 35 x-^ 4- 7x- - 8x 


2x--3xj- 
7x-4- 51 X- 40 


20 . 4 - 4 - 

{P~<l){p-r) {q-r)[q-y) {r~y){r-(j) 

\ \x - y x-\-y) \x- y x + y) ) 2x-y 4- 2xy- 

^ a2 - (5 - c)-' ^ ?r -(c-ar-^^ c--(a-6)- 
(c 4 -a)-- 6 - (a 4 - 6 )-~c‘-^ ( 64 -c/'^"'tt‘‘^* 


23 . 


^ y 4- ^ 1 

x/\y--x-/ x^ + xy xy-y^ x^y 


24 . 


a^-l .ra--4a4-3^/ a‘^-9 ^o‘'^-a-2\“j 
a‘-^4-a - G La- -4a4-4 ’ la‘‘4-a"4-l* ax+l /J 


( 1 1 i \ 

(1- ±-A 

1 x^ - 4ax 

\2a 2a - xj 

V3a 3a - xJ 

' 6a^(x - 2a)(x - 3a)’ 
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Simplify the following fractions : 

26 . . ’ - , 


ha -6 Go, 4- 6 3a^ + o 3a^ + 3 

4a//- I 1 _ ^ 1 

f 3‘2/>4 8a + IQb 4a^ + 16/7- “ 8(2/7^* 
_3//- + /> .2/i-7 2//--.3/> , 

G/>--l-6 l-2/> 4/>--864-3 


iX-i) ('-;X'i) ('-'){-?)■ 


I'-iA'-y 

a-"* 4 4 a:-?/- 


(ar- //-7 \ g 


m- 4 — - 4 1 „ 

//r 771'^-i-m 

- - - 

m-- - ~ -mr 

m* m 


( ah ar 

ah - /7 ac - he 


-L..-L-+-L 

1-'' 1-4 1-? 
a h c 


a~c 

, ----4 c tt 

1 4 (le 

a ~c \ 

1 - ac 1 

1j_c(a-c) 

' 1 

V l4ac 

l-ac J 

1 1 


(3a f x)- 3 

1 

1 ^ a: - 3a 

3(a:4-3a) 

a 



7- 

\ c a/ 


H.A 



CHAPTEli XXIII. 


Hahuek Equations. 

179 . Some of the equations in tin's cliapter will serve as a 
useful exercise for revision of tlie inetliods already ex})Iaiiied ; 
but we also add others | an ‘sent ini;' more difliculty, tlu' solution 
of whi(‘h will ofti'U be facilitated by some special artilicc. 

The followini; examph^s worked in full will sulliciently illus- 
trate the most useful methods. 


Exiwiplel. Solve r'' 

'2x -f i x-\-b 

Clearing of fractions, 'w e have 

(fa’ - :^){x + 5) = (.-It - 2){2x + 7), 

(jx- 27 X - 1 5 - (U'- I 1 7a; - ] 4 ; 

10a;=l; 

I 

- =^= 10 - 

Note. By a simple reduction many e(j nations can he brought to 
the form in which the above eijuatioii is given. Wluni this is the 
ease, the necCvSsary simplification is readily completed liy multiply- 
ing across or “multiplying up,” as it is sometimes called. 


Exu lit pic -. Solve 


r>.r + 2 __ 2a: + 3 
3a’ 4 4 ~ 5 


Multiplying by 20, we have 

8a; + 23 - = Sa- 4-12- 20. 

3a: + 4 


By transposition, 


o, _20{5a:4-2) 
3x4-4 


Multiplying across, 93x 4- 124 = 20(5x + 2), 

84 - 7x; 

,4 X 12. 
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180. Wlien two or more fraetions liavo tlie same denomin- 
ator, they should be taken to^etlier and siinplihed. 


Example 1. Solve + 28 _ 

x~2 4- X X -2 

By transposition, we have 

8CC-49 , __28-(24-5ar). 

4-x ‘ x~2 

, 3 _ 4 + 

4 - X X -2’ 

Multiplying across, we have 

3a: - 5ar - 6-fl0a:= 16-4a: + 20a: - 5a:^ ; 


that is, 


-3a:=:22; 


x = 


22 

3‘ 


Example 2. 


Solve 


a:“8 a:-4_a'-.5 x-1 

X- l()“^a: 


This e([uation might he solved hy at once clearing of fractions, but 
the work would he liilxmous. The solution will he much simjdified 
by proceeding as follows. 

The equation may he written in the form 


(a:-10) + 2 (a:-f))-l-2__(a:-7)4 2 (.r-9) + 2; 
x-io ' x-a ' ~ x-l ■* »-9 ’ 


whence we have 


0 9 0 9 

1+ + ^ . = 1+— -. + 1 

a: - 10 a: - 6 a; - 7 a:-9 

1 11 1 

a: - 10 ^ a: - G ~ a: - 7 * a; - 9 


which gives 

Transposing, ^ = ; 


3 


3 


(a:-10)(a:-7)"(a:-9){a:-6) 


Hence, since the numerators are equal, the denominators must be 
equal ; 

that is, {a:- 10)(a:-7) = (a:-9)(a:-6), 

X^- 17a:-f 70 = a:--15a:'f 54; 


/. 16 = 2a:; 

•*. x=8. 
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EXAMPLES XXIII. a. 


Solve the following equations : 


1 . 

3 . 

5 . 

7 . 

9 . 

11 . 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 

18 . 

19 . 

20 . 
21 . 



2 . 

4 

6 . 

8 . 

10 . 


9 4-5* 

5*- 8_5a:+14 
x~4 x+7 ‘ 

22*- ]2_o 3*+7 

8* -5 “ 4* + 8' 

8* - 1 9 _ 1 _ .8* - 4 
4* -10 2 ^+1 

2 3* + 2 10 5 

5a;-17 2* -ll_23_.3*-7 
13 -4* "^ 14 42 21 ■ 


4*-3_l -9r^4* + 3__l 
7x + 4 (•) 8 24^“ ■ 

3 2i _ 1 __J 

x+1 ‘2 a; + 3 3x -h G 

J^__18 ^ 7 _ 4 

a: -4 3a: -18 4a:- 16 a: -6* 

1 ^ 3 _ 1 

a: + 6 ”^33:+ 12 2a: +10 6(a; + 4)* 
a:- 1 _a:-5_a:-Jl_a:-7 
a:-2 a:-6 a:-4 a: - 8* 

_1 +_V =.J.^+_U 

a:-9 a:-J7 a: -11 a:- 15 

i._.+ 1 l_ 

2*-l 2x-7 2*-3 2a:-5 
a:-l_ X _x-4 x-3 
X -2 a: - I X - 5 x - 4* 
5x-64_4x-55_2x-ll x-6 
a; - 13 a: - 14 a: - 6 a: - 7* 


6x-17 4x-13 
= 0 . 




6 - 5x 1 7a‘ + 3 
8x-l_4:r-3 
6a: + 2 3x-i‘ 
Ox - 22 _ 3.r - 5 

2x - 5 2x - 7 


7x + 2 „ ^ - 1 
3(x~l)'^3 3 xTI* 


= 3. 
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22 . 

23 . 

24 . 


X + 6 

12a: -fl 
3.c-i 1 - 


Solve the following equations : 
hx + 31 2a: I 9 _ - 6 ^ 2a: - 1 3 

a: + 5 x'~5 x-G* 

5__ll4-12a: 

9a:2 1 + 3x * 

5x^ a; + 3 ^ x- 3 


a:^-9 a; - 3 a: + 3 
[For additional examples see Elementary Algebra, \ 


Literal Equations. 

181 . In the equations we have disousst'd liitlierto the co- 
eflieieiits have been niiinerieal quantities. When equations 
involve literal coellieients, these are supposed to be known, and 
will apjwar in the solution. 

Exainplel. Solve {x-\-a){x + h)-c{a + c)-{x-c)[x + c)-{-ah. 
Multiplying out, we have 

x“ ax ■\-hx ah - ac - e- zz + a?> ; 

whence ax + hx ~ ac, 

(a + 6)a; = ac; 

a: = -5-V 

a-\-h 

Example 2. Solve — ^ ® . 

X- a x~b x-c 

Siniplifyiiig the left side, we have 

a{x - h) - h{x -a) _a-h 
{x-a){x-h) x-c 
{a - b)x _a-b ^ 

{x-a){x-b) x-c * 

X 1 

{x-a){x-b) x-c 

Multiplying across, x" -cx = x' - ax -hx + ah^ 
ax -vbx - cx - 
(a + 6 - e)a: = ah ; 

X- 

”a+6-c* 
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Eooample. 3. Solve the simultaneous equations j 


ax-hy = c (1), 

px + qy ~ r (2). 


To eliminate ?/, multiply (1) by q and (2) by h ; 
thus aqx - hqy — cq, 

hpx t hqy - hr. 

By addition, (ctg + bp)x ~cq-\- hr ; 

X = 

ciq f ifp 

We might obtain y b}^ substituting this value of x in either of the 
e(}U itions (1) or (2) ; but y is more eoiiveuiently found by eliminat- 
ing X, as follows. 

Multiplying (1) by p and (2) by o, we have 
apx - hpy --= ep, 
ftpx’-f itqy ~ (tr. 

By subtraction, {aq -i Iq^y ar - cp ; 

. ar - cp 

y = .--L, 

aq + hj) 


EXAMPLES XXIII. b. 

Solve the following equations : 

1 , ax h“ = a- - hx. 2. = (2a - a?)-. 

3 . a-{a - x) 4 ahx = h~(x ~h). 4 . {h -]-l){x + a) ~{h-l){x-a) 

5. a{x + h) -h''^ = or -h{a- x). 6. crx~iP - d^xPc’. 

7, a(x - a) 4- h(x -b) + c{x - c) - 2{ah 4 - he 4 - ca). 

8. 9. 

X X 2a h tr 4a^ 

10. x-\-{x- a)(x - h) 4- a^ 4- = 6 4* ar - a[h - 1 ). 


, 3a" - 8f/“ 

12. 

a - X 

h-x 

1 ! 

4 - 

s; 

ah 


a-h 

a-j-h 

tt" - 62 

a-cx 

14 

xA- a 

t) _ X 

-( h - c 

“X"’ 


X 4 h H 

\ C X 

4 - a 4- 6* 

5 

1 


(/ / 

-0. 
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Solve the following simultaneous equations : 


16. 

a: - 7/ = a ?), 17. 

cx~dy ~ c“ 

18. ax^hy, 


ax-^hy = 0. 

x^-y ~ 2c, 

x-y = c. 

19. 

?+y = a + 6, 20. 

“-*=0, 

X y 

21. = 

x-y h 


? + f = 5. 

a 0 

^ + 1 = 2. 
a 0 

^-y=2b 

a+ b 

22. 

b a, I) a* 

23. 

H 

^ + 

1 

: 1 

II 

p 


aia-hx) = h{h-y). 


2j, '2q 

24. 

2x~h _ 2y -f a _ ^x + y 
a h fx + 26* 

25. 

ax -t- by 1 o - - Ir 
hx -f ay 2 b.v ay 


Irrational or Surd Equations. 

182. Definition. Tf the root of a quantity cannot be ex- 
actly (>l»<-aine(l th(‘ indicated root is called a surd. 

Thus are surds. 

A surd is soinetinios called an irrational quantity; and 
quantit ies winch are not sutnIs are, for the sake of distinction, 

termed rational quantities, 

183. Sometimes e(juati(Uis art‘ jiroposed in which the un- 
known quantity apjx'ais nn<h‘r tin* radical sign. For a fuller 
discussion of surd e(}ua,tions the student may consult the Ele- 
rneninrif Ahjchra, (’hap. xxxn. Here we shall only consider a 
few simple cases, wliieh can generally be solved by the follow- 
ing method. Hring to one side of the equation a single radical 
t(U“m by itself : on S(]uaring both sides this radi(*al will disappear. 
I>y re])(‘ating this jirocess any remaining radicals can in turn 
be removed. 

Example. 1 . Solve 2 ijx - \/4a; - 11 = 1. 

Transposing, 2 ^Jx - 1 = - 1 1, 

Square both sides ; then 4a7 - 4 ^Ix +1 = 4a: - 1 1, 

4^a:=12, 

; 

a: = 9. 
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Example 2, Solve 2-f 5 = 13. 

Transposing, X/x -5=11. 

Here we must cube both sides ; thus a: - 5 = 1 331 ; 
whence x = 1336. 

Example %. Solve 

3v'x ^/a + O 
Multiplying across, we have 

(6 ^a: - 1 1 ){ ejx + 6) = 3 s!A^ v^a: + 1 ) ; 
that is, 6a; - 1 1 ^jx + 36 s]x - 66 = 6a: + 3 hJx^ 

- 11 ^x + 36 sjx - 3 i^x - 66, 

2^s]x - 66 , 

v/a: = 3 ; 

a: = 9. 


EXAMPLES XXIII. c. 


Solve the equations : 


1 . 

= 1. 2. 

>jr- 

2a: = 7. 

3 . 

va:-7 = 

2. 

4 . 

2x/^TT = 3. 5. 

sin 

-2a:=- 

1. 6. 

^ = V2x, 


7 . 

\/l-5a: = 3\''l-a:. 


8 . 

2 v^5a: - 3 - 

- 7 x/a: = 0. 


9 . 

'Jli'-nx-’l = ‘lx-‘i. 


10 . 

3 V 1 - 7a: 4 4a:- = 5 - 

6a:. 

11 . 

l+XIl^-Sx^ + lx-n = 

X. 

12 . 

s/a: - 11 = 

slx-\. 


13 . 

V4a:+ 13 + 2Aya; = 13. 


14 . 

3+ 

'-ZS = 2\’'Ax. 

15 . 

\/a:~l_ sjx — ^ 

Jx + 3 Va: * 


16 , 

+ 4 __ 

3 Jx - 8 

eJx-\-iy 

Ssjx-T 


17 . 

2Jx-Z 


18 . 

2Jx-7_ 







1 14 

4jx-~ 

i:V 

19 . 

n/1 4' 4 j: 4" 2 i>J x — 


20 . 

fjx -f \lx 

1 


21 . 

sl\x + 1 - ^Jx+i ^ six- 


22. \/4a; - 3 - ^/a^4•3 = v^a: 

“i 



CHAPTER XXIV. 


Hatider Problems. 


184. In previous chapters we liave given collections of 
problems which lea<l to simple equations. We add here a few 
examples (^f somewhat greater dithculty. 

Examph’ 1. If the numerator ot a fraction is increased by 2 and 
the denominator by 1, it becomes equal to ^ ; and if tlie numerator 
and denominator are each diminished by 1, it becomes equal to ^ ; 
find the fraction. 


Let X be the numerator of the fraction, y the denominator ; then 

the fraction is -. 

V 

From the first supposition, 


from the second, 


^ + 5 
y + 1 “ 8 

a:_-l 
y-\ 2 


{!), 

( 2 ). 


From the first equation, Sar - 5y = 11, 

and froju the second, 2x— y = 1 ; 

whence x --- 8, y - la. 

8 

Thus the fraction is 

15 


Exam}tle 2. At what time between 4 and 5 o’clock will the 
minute-hand of a watch be 13 minutes in advance of the hour-hand? 


Let X denote the required number of minutes after 4 o’clock ; 
then, as the minute-hand travels twelve times as fast as the hour- 


hand, the hour-hand will move over minute-divisions in x minutes. 


At 4 o’clock the minute-hand is 20 divisions behind tlie hour-hand, 
ami finally the minute hand is 13 divisions in advance ; therefore tlie 
minute-hand moves over 20-f 13, or 33 divisions more than the hour- 
hand. 
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Hence a* - ^ + .*53, 

V2 

= 33 ; 

12 

a: = 36. 

Thus the time is 36 minutes past 4. 


If the question be asked as follows: “At what times between 
4 and 5 o’clock will there be 13 minutes between the two hands? ” 
we must also take into consideration tlic case wlicji the minutediand 
is 13 divisions behind the hour-hand. In this ease the minute-hand 
gains 20 - 13, or 7 divisions. 


Hence 


X „ 

x= + 7 , 

12 ’ 


which gives 


X - 


7 


7 

11 * 


Therefore 


the times are 


7 ' 
11 


past 4, and 36' past 4. 


Example 3. A grocer buys 13 lbs. of ligs and 2S lbs. of ciirranls 
;or >52. 60 ; by selling the figs at a loss of 10 |H‘r eenl., and the enr- 
rants at a gain of 30 ])er cent., he eh'ars 30 cents on his outlay ; 
how much per pound did he pay for each ? 


Let rr, y (hniote. tlu' munher of c(*iits in the price of a pound of 
ligs and cui’rauts resi)ectively ; then tlie i.mtlay is 

15x-t-28// cents. 

Th(3ref ore 1 5./: 4- 2H// = 2( >0 ( 1 ) . 

The loss upon the figs is - x 15,r cents, and the gain upon the 


currants is --- x 28^ cents ; therefore the total gain is 
10 

cents; 

5 2 
5 2 


that is, 28y — o.T=r 1 00 (2) . 

From (1) and (2) we find that a: =8, and ?/=:5 ; tliat is, the figs 
cost 8 cents a pound, and the currants cost 5 cents a pound. 


Example 4. Two persons A and B start simultaneously from 
two places, c miles apart, and walk in the sairu; directi(»n. A travels 
at the rate of p miles an hour, and B at tlui rate of q miles ; how hir 
will A have walked before he overtakes B ? 
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Suppose A has walked x miles, then B has walked x-c miles. 

A walking at the rate of miles an liour will travel x miles in 

^ hours ; and B will travel x - c miles in ^ — - hours ; these two 
p q 

times being equal, we have 

X _x~c 
P q * 
qx-px-pc ; 

whence x - . 

p~q 

Tlicrefore A has travelled ^ miles. 

p~q 

Example F). A train travelled a certain distance at a uniform 
rate. Hud the spe<*(l been 6 miles an hour more, the journey would 
have Oi*cu})ied 4 hours h^ss ; and had the speed been (> miles an hour 
less, the journey would have occupied 6 hours more. Find the 
distance. 

Let the speed of the train be x miles per hour, and let the time 
oeeu[)ied be y hours ; then the distancf traversed will be represented 
by X// miles. 

On tlje first supposition the speed per hour is a’-f 6 miles, and the 
time tak(‘ii is i/ 4 hours, lii this case the distance traversed will 
be rc'pri^sented i)y (a* 4 <>)(//- 4) miles. 

On tlie sicoikI supposition the distance traversed will be repre- 
sented by (x -- OK// i (i) miles. 

All these expressions for the distance must be equal ; 

XI/ = (x 4- G)(y - 4) = (x - G)(y 4-0). 


From these equations we have 

xy = xy 4- Gy -4x- 24, 

or Gy~4x = 24 (1) ; 

and xy - xy ~ Gy 4- Gx - 36, 

or Gx~Gy = oG (2). 


From (1) and (2) we obtain x - 30, y = 24. 
Hence tlie distance is 720 miles. 


EXAMPLES XXIV. 

1, If the numerator of a fraction is increased by 5 it reduces to §, 
and if tlie denominator is increased by 9 it reduces to ^ : find the 
fraction. 
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2. Find a fraction such that it reduces to J if 7 he subtracted from 
its denominator, and reduces to ^ on subtracting .S from its numerator. 

3. If unity is taken from the denominator of a fraction it reduces 
to ^ ; if 3 is added to the numerator it reduces to f ; required the 
fraction. 

4. Find a fraction which becomes ^ on adding 5 to the numerator 
and subtracting 1 from the denominator, and rtHluces to on sub- 
tracting 4 from the numerator and adding 7 to the denominator. 

5. If 0 is added to the numerator a certain fraction will he 
increased by ^ ; if G is taken from the denominator the fraction 
reduces to g : required the fraction. 

6. At what time between 9 and 10 o'clock are the liaiids of a 
watch together ? 

7. When are the hands of a clock 8 minutes apart between the 
hours of 5 and G j? 

8. At what time between 10 and 11 o’clock is the hour-hand six 
minutes ahead of the minute-hand ? 

9. At what time hetwe^m 1 and 2 o’clock are the hands of a 
watch ill the same straight line ? 

10. Wlien aie the hands of a clock at right angles between the 
hours of 5 and G ? 

11. At what times between 12 and 1 o'clock arc the hands of a 
watch at right angles ? 

12. A person buys 20 yards of cloth and 25 yards of canvas for 
$35. By selling the cloth at a gain of 15 per ct'iit. a, mi the canvas 
at a gain of 20 per cent, he clears $5.75 ; liml the i»rice of eacli per 
yard. 

13 . A dealer spi'iids $1445 in buying hors(‘s at $75 each and 
cows at $20 each ; tlirongli disease In; loses 20 ])er cent, of the horsi^s 
and 25 per cent, of tlm cows. By selling the animals at tlu^ jn'ice 
he gave for them he receives $1140 ; find how many of each kind 
he bought. 

14 . Tile population of a certain district is 33(X)0, of whom 835 
can neitlicr read nor write. I’liese consist of 2 j)er cent, of all tlie 
males and 3 per cent, of all the females ; find the number of males 
and females, 

15 . Two persons C and D start simultaneously from two places 
a miles apai t, and walk to meet each other ; if O walks ;> niih s per 
hour, and J) one mile per hour faster than C, how far will D have 
walked when they meet? 

16 . A can walk a miles per hour faster tliah B\ supposing that 
he gives B a start of c miles, and tliat B walks n. miles per hour, 
how far will A have walked when lie overtakes B ? 
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17. (7 start from the same place at, tlu* rates of a, a + 
mil('s an hour rc'spectively. B starts n hours after yl, liow 

louir after B must (J start in order that they may overtake .1 at the 
same instant, and how far will they then have walked ? 

18. Find the distance between two b^wns when by increasing 
the speed 7 miles p(?r hour, a train can perform the journey in 1 
hour less, and by reducing the speed 5 miles per hour can perform 
the journey in 1 hour more. 

19. A person buys a cmtain (juantity of land. If he had bought 
7 acres more each acre would havt; cost .$4 less, and if each acre 
had cost $18 more he would have obtained 15 acres less: how much 
did he pay for the land ? 

20. A can walk half a mile per hour faster than B, and three- 
({uartt'rs of a milt', per lumr fastt'r than C. To walk a certain dis- 
tance C takes three-(iuart(‘rs of an hour more tlian B, and two 
hours more than A ; find their rates of walking i)er hour, 

21 . A man ])ays $00 for coal ; if each ton had cost 50 cents 
mort^ he would have rect'ived 2 tons h‘ss, but if each ton had cost 
75 cents k‘ss he woultl have received 4 tons more ; how many tons 
did he buy ? 

22 . A and B are playing for money ; in the first game A loses 
one-half of his money, but in the second he wins one (piarter of 
what B tlu'U has. When they cease playing, A has won $10, and 
B has still $25 more than .1 ; witli what amounts did'tliey begin ? 

23. 'fihe area of three ficdds is 510 acres, and the' area of the 
larg('st and smallest fields exceeds by .30 acres twice the area of 
the middle' tield. If tlu' smallest field had heem twice as large, and 
tbe otlier two fields half their actual size, the total area would 
have be'cii 42 acres less than it is ; find area of each of the fields. 

24. A, 7>\ C ».ach speud the same amount in buying different 
qualities of ehUh. B i)ays three-eighths of a dollar per yard less 
than A and obtains three-fourths of a yard more ; (J pays five- 
(‘ighths of a dollar ])er yard more than -.4 and ohtains one yard less ; 
how much does ('acdi s])eud ? 

25. /> pays $28 more rent for a field than A ; he has three- 
fourths of ail acre more and pays $1.75 jicr acre more. C pays 
$72.50 moiai tlian A ; he has six and one-fourth acres more, but pays 
25 cents per acre less ; find the size of the fields. 
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MISCELLANEOUS EXAMPLES IV. 

1, When a = 6 = 5, c = - 1, d ~ 0, find the value of 

266* V - c'-d + 566 - 4n6 + r/-. 

2, Solve the equations : 

(1) ^a;-'^y = 8-2a:, 2^;/ - Sa; = 3 -y ; 

(2) 1 = ?/ + c = 2{z + x) - :i(a? + y). 

3, Simplify 

f.. a-x 4.r- a-%r 

( ‘ ) — f- ; 

a + X ar - x- x ■ a 

/7--'26 + 4^6-i-.S6- IS ^ 6'-f S '* 


4, Find the s(iuare root of 

9 - 96a; + 60a;- - 2|?a;3 + 8<> , 4 . 

o o 


64 


a:*' -f 


5, Tn a base-ball inatch the errors in the first four inninc^s 
are oiie-fouri.b of the runs, and in th(‘ last five innin_i 2 ^s tb(‘ errors 
are one-third of tlie runs. 4'he .s(‘ore is 16, and fla^ errors num- 
ber 5; find the scoi*e in the first four inning's. 

6. Find tlie value of ^ — x 

1 " j ^ a -\-x 

or ax x" 


7, Find the value of 
* (a + 2) - 9(1 




8, Resolve into factors 
(1) 3a“-20a-7; 


(2) oMr - h*a\ 

4ar^ -f *Jx- - .r 4 - 2 
4rM-5a:“-7a;~2* 


9. Reduce to lowest terms 
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10. Solve the equations : 

a: - 12 a:-4 , ar - S 

( 1 ) X S- 


(2) x-hy-z-ij, x-yi -4, 6x + y + z = 20; 
ax f If , (/x 4- c 




ii Q> i*r a? 4“ 3 a‘4“2 4 

11. fe.n.I,l.fy +^, 


12, A juirso of sovereigns is divideil aniong.st three persons, the 
liivt leeeiving lialt’ of them ami one more, the Beeoml half of the 
remaimler ami one more, ami the third six. Kind the number of 
sovereigns tiie purse contained. 


13, If /i = - 1, k -2, I Oy in = 1, vt = - 3, find the value of 

/('•‘{m ' - /) - 1 - hk 

7n{l - h)- 2hnr I '\4/i/c 


14. Find the L.C.IM. of 

15(;r* 4fr}, r>(p- - pf/ 4-q‘-), 4{jr+2H2 + if), 

15, Find the square root of 


( 2 ) 1 - 
16. Siinidify 


- (ia 4- 5rt" 4- 1 2a’’ 4- da'*. 


20.r- 


27.r 2(U-4-27 j:4-9 


loir- 4 I llx + 1) 12.C- 4 i7-r 4- 1) 


17. 


Solve the equations : 

( 1 ) ^ = 1 
a- b b -a 


( 2 ) + 

X — 4 X — 


S a;-9 


8 

x-S 


18, A sum of money is to be divided among a number of per- 
sons ; if is given to (‘aeh there will be short, and if ^7.50 is 
given to each there will be f2 over: find the number of persons. 
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19. Resolve into factors ; 

(1 ) LV- - 3ab + (a - 6&)a: ; (2) 4x- - 4xy - 15y^. 

20. 1*1 the expression or" - 2u?-H - 4, substitute a - 2 for ic, awl 

arrange the result according to the descending powers of a. 


21, Simplify 

( 1 ) 

^-Ui 

22. Find the H.C.F. of 


( 2 ) — 

a + - 


tt-f -- 

a 


3x‘’ - 1 1 X*- 4- a? 4- 1 5 and C)X* - 7ar^ - 20a:- - 1 1 x - 3. 


23. Express in the simplest form 


( 1 ) 


x_y 

y ^ 


x + y_ y -f X 

y ^ 




24. A person possesses $1x000 stock, .some at 3 i»(‘r cent., four 
times as much at 3.j per cent., and tlie re.st iit 4 per cent. : tind the 
amount of each kind of stock when liis income is $170. 


25. Simplify the expression 

- 3[(a -Vh)~{{2a~ 3h) - {3a 4- 76 - 1 6r) - ( - 1 3a 4 26 - 3c - 5tf )}], 
and find its value when a = 1, 6 = 2, c~ 3, d - 4. 

26. Solve the following equations : 

(1) lly-a: = 10, llx- lOly = 110 ; 

( 2 ) x + y-z = 3, x + z-y-3y y + z-x-1 
Express the following fractions in their simplest form : 

32a:3_2ar4.12 1 

( 2 ) j— 


27. 


(1) 


I2x^ -x^+4x^ 


x + ~ 


14- 


x-\- 3 

2-x 


28. What value of a will make the product of 3 - 8a and 3a 4' 4 
equal to the product of 6a 4* 11 and 3 - 4a ? 
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29, Find the L.C.M. of and - 2x^ - fyx - 12, 

30. A certain nuinher of two digits is e(jual to seven times the 
Ruiu of its digits ; if the digit in the units’ jtlaee 1)0 decreased by 
two and that in the tens’ jdaee by one, and if the number thus 
formed be divided by the sum of its digits, the (juotient is 10. Find 
the number. 


31. Find the value of 

Ga" - Sry - ^ ,3ar -xy ~ Ay^ ^ - Gary - 8y^ 

2a:- -f- xy - y- 2a:- - 5a’y 4- .‘iy- ’ 2x- - ',\xy 4- y- 

32. Resolve ea(di of the following expressions into four factors : 

(1 ) Aa^- VtaV? 4- 4/d ; (2) a;« - 2r)Gy8. 

33. Find the expression of highest «Umensions wliieh will divide 
2A(t^b - 2(i^lr - 0a//‘ and ISa’’^ 4- (iHr - without remainder. 

34. Find the square root of 

( 1 ) x{x -f 1 )(a: 4- 2)(a: + 8) + I ; 

(2) (2a- + 13a + 1 ^){a- 4- 4a - r>)(2a- 4- a - 3). 

35. Simplify 

X- ~ ^ _ 3 q, F 3a: - 4 

or - Ga: 4- 9 ar 4- a: - 12 

36. A quantity of land, partly pasture and partly arable, is sold 
at the rate of .$(>0 per acre for the pasture and §!40 per acre for the 
arable, and the whole sum t)btaiiied is ^10000. If the average price 
])i‘r acre were $50 the sum obtained would be 10 per cent, higher: 
find how much oi the land is pasture, and how much arable. 


H.A. 


t 
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Qu ADliATlC EqUATI UN8. 

185. Definition. An equation which contains the Sijuare 
of the unknown quantity, Init no h'ujher power, is (jailed a quad- 
ratic equation, or an equation of the second degree. 

If the e([uation contains both tluj scjuare and the first powm* 
of the unkiKjwn it is called an ajlerted (juadratic; if it contains 
only the S(iuare of the unknown it is saiil to be a pure (quadratic. 

Thus 2x“ — is an atfected (quadratic, 
and 5a:- = 20 is a pure quadratic. 

Pure Quadratic Equations. 

186. A pure ([uadratic may be considered as a sim])le eiiua- 
tion in which the stjuare of the unknown (quantity is to be found. 

Example, Solve — - — = — 

x^~2i x^-n 

Multiplying across, — 90 = 25x2 - 675 ; 

16x2=570; 

x2=.36; 

and taking the square root of these e<pials, we have 

x= id* 

[In regard to the double sign see Art. 119.] 

187. In extracting the s(j[uare root of the two sides of the 
etpiatioTi x2 = t]6, it might seem that we ought to prefix the 
double sign to the (Quantities on both sidevS, and write ±x= ±6* 
Ilut an examination of the various cases shows this to be un- 
necessary. For ±x = ±6 gives the four cases : 

-l-x=+6, -|-x=— 6, — x=+6, — x=— 6, 

and these are all included in the tw^o already given, namely 
x= 4-6, x=r — 6. Hence, when we extract the siQuare root of the 
two sides of an equation, it is sufficient to put the double sign 
before the square root of one side. 
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Affected Quadratic Equations. 

188. The equation — ih) is an instance of the simplest form 
of (juadratic ecpialions. Tiie equation (x — 3)“-2r) may be 
solved in a similar way; for taking the scjuare root of both 
sides, we have two si/njde e(piations, 

.x-3-±5. 

Taking the iqqw si^n, .x-3 = +5, whence = 8 ; 

takiii" the lower siifii, .r-3 = -f), whence .v~ -2, 

the solut ion is .r = 8, or —2. 

Now tin* i(iven equation (.r — 3y^=2r) 
may be written .r- — f).r + (3)‘*^"2r), 

or a - — ().r — 1 (1. 

Hence, by rc^tracin;]^ our steps, we learn that tlie equation 

— (>./’ = 1 () 

can be solved by first adding (3)- or 0 to each side, and then 
('Xtra(dinn the S(|uare root; an<l the leason why we add 9 to 
each side is that t in’s quantity addt'd to the left side makes it a 
perfert 

Now wliatever the quantity a may be, 

cc^ + 2aa' + fr — (.r + n)‘“, 
and — ^la.r + ~ (x — af ; 

so that if a ti inomial is a p(‘rf(‘ct scpiare, and its hi(jhest powei\ 
X-, has unitj! for its cortiicirot^ we must always havt* the term 
without x equal to tlie square of half the coetlicient of x. If, 
th(U'(‘fore, the bu'rus in and x are given, the square may be 
completed by adding the square of half the coefficient of x. 

Example. Solve liar = 32. 

The square of half 14 is (7)“. 

x2+14x + (7)-= 32 + 49; 
that is, (x + 7 )“ = 81 ; 

/. X + 7 = ± 9 ; 

a: = - 7 + 9, or - 7 - 9 ; 
a: = 2, or - 16. 

189. When an expression is a perfect square, the square terms 
are always positive. Hence, before completing the square the 
coefficient of x- should be made equal to + 1, 
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Example 1 . Solve 7a; = ar- - 8. 

Transpose so «,<? to hm)e the terim involmng x on me side, and the 
square term positive. 


Thus 


a^-lx = S. 


Completing the square, a:^ - 7a: + ( ' ) = 8 -f 


that is. 


40 




7.0 

x= +- ; 
2“"2 

a; = 8, or 


Example 2. Solve 4 = 

^ 8a: 4 1 8a: 4 1 

Clearing of fractions, 1 2a: 4- 4 - 8 = 8a:“ 4- 5 ; 

bringing the terms involving x to one side, we obtain 

8a:^ - 12a: = - 9. 

Divide throughout by 3 ; then 

a:- - 4a' - - 8 ; 

/. ap-4x i (2 r ■- 4 - 8 ; 
that is, {x - 2)- - 1 ; 

a:-2 = ±l; 

/. X = 3, or 1. 


EXAMPLES XXV. a. 


Solve the equations : 


1 . 

4. 

7. 

10 . 

13. 


7(x"-7) = 6x'‘. 2. 

3-^ + 20 2 

a;2 + 2a; = 8. 8. 

!C^ + x = 0. 11. 

iB“+'4a: = 32. 14. 


(a:+8)(ar-8) = 17. 3. 

lL = 4(a: + .8). 6. 

8 -a: 

X- + (tx = 40. 9. 

a:--ir)G = a:. 12, 

9a:4-36 »= a:^. 16. 


(74-a:)(7-a:) = 24. 

a:(8a:4-5)4-2l 

(3a:-2)(2a:4-8) 

0 :^ 4 - 35 = 12a:. 

11a: 4-12 = 3:2^ 

*24- 15a: -34 = 0. 
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Solve the equations : 

16 . ’(2a;= + 7)-(6-r=) = ^(a.-= + 3). 

1ft 3 a?-2_ 5 

a;^2 x-3 (a; + 2)(a;-3)* 

20. ?*+I--l- = a:+2. 

2 x~l 


17 . 

a: 4- 5 _ a: 4- 37 
a: - 2 2a: 1 

19 . 

a:- -4a: 4 115_ 

2a; -1-2 


190 . Wo have shown that the s{|iiare may readily be com- 
pleted when the coelhcient of is unity. All cases may be 
reduced to this by dividing the equation throughout by the 
coefficient of jtr. 


Examph 1. Solve 'S2 ~ 3a:- = 10a:. 

Transposing, 3a:- f 10a: = 32. 

Divide throughout by 3, so as to make the coefficient of unity. 


Thus 

Completing the square, 
that ib, 




o . 10 , 

a;- -f- a: -f 
o 


('*ir 


32 

"3’ 

32 25 . 
3 9 ^ 

_ 121 . 

9 ’ 


.11 

• • a: -H - = + : 

3 “3 

5, 11 o ct 
^ = -3±3 =2, or-5i 


o 11 12 

a:-+ x = ^. 
5 5 


Example 2. Solve 5x^ + 1 la: = 12. 

Dividing by 5, 

Completing the squai'e, ar+i^ ^ + f ^ + 1 5 

o \1U/ D 100 

‘^i>i 

that .8, + 


x-\- 


1 1 ^ q- 111 . 
10 “ 10 ’ 
11,19 4 
10=^10-^ 6’ “ 
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191. We see then that the following steps are required for 
solving an affected (quadratic e(piati<>ii : 

(1) If neeesmn/^ simplify the equation ^-o that the t<rms in 
X- and X are on one side of the equation^ and the term irithoiit x 
071 the other. 

(2) Make the coefficient of x^ 7udty and positive by dividing 
throughout by the coefficient qfx^. 

(3) Add to each side of the eq7tatio7i the square of half the 
coeffcient of x. 

(4) Take the square root of eadi side. 

(5) Solve the resulting simple equations. 

192. When the coefficients are literal the same method may 
be used. 


Example. Solve 7( a; 4- 2{t )- + 3ct- = ba{ 7 x f ) . 

Simplifying, 7a;“4'28aa:4-28a*-f 3a- - .'ir)o.c | Iloa-; 
that ia, - lax - S la/’, 

or x^ -ax - \ 2a-. 


Completing the square, 
that is, 


x‘^ - aa: + j - 12a- + ; 


X = 4a, or - 3a. 


193. In all the instances considered hitherto the quadratic 
equations have had two roots. Sometimes, however, tlu're is 
only one solution. Thus if — 2a’ + 1 = 0, then (.r-l)-'-~0, 
whence x — \ is the only solution. Nevertheless, in this and 
similar cases we find it convenient to say that the quadratic has 
two equal roots. 


EXAMPLES XSM. b. 

Solve the equations : 

1 , 3a:2 + 2a: = 21. 2. 5a;- = 8x + 21. 3. - a: ~ 1 n: 0. 

4, 3-lla; = 42;‘“. 5. 2lx-^ = 2a: + 3. 6. 104 23x-f 12x2 = Q. 

7, - 6ir = 9. 8. “ 17^*: = 15. 9. - 19a; - 15 a 0. 
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Solve ttie equations : 

10. + 11. \2x^- + 7x=\2. 12. 20a:2 - a: - 1 = 0. 

13, + 2aa: = 1 ba\ 14. = 1 ^mx. 15. S:/'^ ~ 5:r). 

16, ll/>a; + 20?>“ = 3a?“. 17. 9a;" - 1 4,3c- = 18. 2ci^x^ - ax-\-\, 

19. (a: - 3)(a; - 2) = 2{x^ - 4). 20. 5{a; + 1 )(3a: + 5) := 3(3x- 4- 1 la; + 10). 

21. 3a;2 4- 13 + (a; - 1 )(2a; + 1 ) = 2a;(2a; + 3). 


22 . 


7a;-R 
a; 4 1 


3a; 

" 2 * 


23 ^ ^ 24 ~ ^ 

* 3a; 2 a; - 1 * a; 4- 9 a; - 4 * 


6a; - .5 _ a; _ g 


26. : 


a; - 4 


a; 4- 5 3 * 7a 4 1 

27. 3(2.a: + 3)2 + 2(2a; + 3)(2 - a:) = {.r - 2)-. 

28. (3a;-7)--(2a;~3)- = (a:-4)(3a: I 1). 


1 __ 11 

2 2(3 + 2:r)' 


[For additional examples sec Ehinnifary Alfjehra,~\ 


194. Solution by Formula, Frr,ni tbe })recediiij;^ examples 
it app(‘ars that aft(‘r siiitahle i<‘<lu(*tiou and transposition 
every (piadjatie etjuatioii can be Vv ritten in the form 

where a, 6, c may have any nnmerieal values whatever. If 
therefore we can solve this (piadratic we can solve any. 


T ranspc )sin g, a.rr 4- hx = —c\ 

dividing by a, .r”4--.r— — 

' a a 

Complete the square by adding to e«ich side 

.r- 4- - d- ( - - ) = ~ j 

a \2<tJ 4t«- a 

that is, + ; 

’ \ 2(iJ 4d- 

extracting the square root, 



; thus 


^2a 2a ’ 

. h±^l(Jfi~Acw) 

• • ^ — • 

2a 
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195. In the result x — — 

2a 

it must be remembered that tlie expression ^J(Jr — Anc) is the 
S(piare root of the compound quantity /r-4ac, taken as a ivhole, 
AVe cannot simplify the solution \inless we know the numeritval 
values of o, h, c. It may sometimes happen that these values 
do not make Jr — Aae a perfect s(piare. In such a cu-se the exact 
numerical solution of tlie equation cannot be determined. 

Example. Solve 5a;- - 13a: - 1 1 =0. 

Here a = 5, 6 = - 13, c = - 11 ; therefore by the formula we have 

^ - 13) ± W - 4 . 5( - 1 1") 

2.5 

^13±v/l69 + 220 
“ 10 
^lj{± V389 
“10 * 

Since 389 has not an exact square root this result cannot be 
simplified ; thus the two roots are 

13+ ^389 13- J389 

10 ’ ' 10 ■ 


196. Solution by Factors. There is still one method of 
obtaining the solution of a (piadratic wliich will sometimes be 
found shorter than eitlier of the methods already given. 


Consider the equation 


a^+*^x—2. 

3 


Clearing of fractions, 3a;- + 7a; — 0 = 0 (1 ) ; 

by resolving the left-hand side into factors we have 

(3a;-2)(;r + 3)-0. 

Now if either of the factors Ikr ~ 2, a’ + 3 be zero, tlieir product is 
zero. Hence the quadratic equation is satisfied by either of the 
suppositions 

3a;- 2 = 0, ora; + 3=0. 


Thus the roots are 


2 

3’ 


-3. 


It appears from tliis tliat when a quadratic equation has been 
simqdified and brought to the form of equation (1), its solution 
can always be readily obtained if the expression on the left-hand 
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svde can bo ro.solvod into factors. Kaclj f>f lln'so factoi's equated 
to Z(‘i-o jT^ivos a simple erpnition, and a corresponding root of tlie 
cpiad ratio. 

ExamyU 1 . Solve - ax + 2hx = ah. 

Transposing, so as to have all the terms on one side of the equation, 
we liave 

— ax 4- 2hx - ah = 0. 

Now 2x^ - ax + 2hx - a,h ~ x(2x - a) + h(2x - a) 

z= (2x- a)(x-{-h). 

Therefore {2x - a){x q />) = 0 ; 

whence 2x - tt = 0, or a* + 6 = 0, 

. a j 

2 


Example 2. Solve 2{x“ - (5) = 3(a - 4). 

\Ve have 2.c- - 12 - ^x - 12 ; 

that is, 2/- = 3a (1), 

'I'raiisposing, 2a- - ‘Ax - 0, 

a(2a-3) = 0. 

X = 0, or 2a - 3 = 0. 

Thus the roots are 0, 

Note. In equation (1) above we might have divided both sides by x 
i.nd obtained the simple equation 2x - 3, whence x - y which is one 

of the solutions of the given e(piation. But the stadent must be 
particuliirly careful to notice that whene\er an x is removed by 
divi.sion from every term of an e(piation it must not be neglected, 
since the equatioi, is satislied by a: = 0, which is therefore one of 
the roots. 


197. Formation of Equations with given roots. It is 

now easy to form an eqiiathm whose roots are known. 

Exam)dc 1. Form the equation wliose roots are 4 tt'Ud —3, 

Here a: “ 4, or x = \ 

ar - 4 = 0, or q 3 = 0 ; 
both of these statements are included in 

{a*-4)(a’q3) = 0, 
or r- - a ' - 12 = 0, 

which is the required equation. 



170 


ALGEBRA. 


fonAr. 


Example 2. Form the equation whoso roots are a and 

Here ar = n, or x = - ; 

d 

the equation is {x - rr)^a: } = 0 : 

that is, {x - rt)(3x + h) 0, 

or - l^ax 4 hx - ah - 0. 


h 

3* 


EXAMPLES XXV. c. 


Solve by formula the equations : 

1. x- + 2x~Z = (). 2. x--2x-l=0. 

4, 3x- - 2x = 1. 5. 2a;' - Ox = 4. 

7. 4a;- -14 = 3a;, 8. Ga;- - 3 ~ 7a; = 0. 


3. x- - 3a; = 5. 

6. 3;r- -I 7x 

9. 12a;-+ 10 = 23a;. 


Solve by resolution into factors : 


10. - 9a; = 90. 11. 

13. 2a;2-3a; = 2. 14. 

16, 5a;‘-i-lla; + 2 = 0. 17. 
19. I2x--23hx+10h^ = 0. 

21. 24a;- + 22ca; = 21c-. 


a;- - 11a; = 152. 12. a;-- 8.5 =r 12;r. 

3a;- } 5a; + 2 = 0. 15. 4a-- - 1 4 = a;, 

a;- - a- - 0. 18. a-- - lax - 

20 . + -hh' 1 X. 

22. ~ 2a; + 46 = 26a;. 


Solve the equations : 


23. 2x{x + 9) = {x+l){ry-x). 

24. (2a;- 1)2- 11 = 5a; + (a;-.3)2. 


25. 6(a; - 2)2 + 13(1 - a;){a; - 2) + Oa;^ = 6(2a; - 1 ). 


26. 

3 

,1=1. 

27. 

X -ij 

X -5 

28. 

10 

9_ 4 

29. 


a; - 4 

X a; - 5* 


30. 

3a; = ~ 

1+2. 

31. 

X 

+ 1 


32. 

23 

x + ^^ 

3a; 1, , 

33. 


3 2 2 

2a; - 1 a; + 1 x' 

X -• 3 X i 0 

X 6 _ a;2 - 0 

3 a;“3(a4-4j* 


r-f 1 

a;-3 


6 . 


X 
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Solve the equations : 


34. 

x + 2_4 a:_,2^ 

a; - 1 2x 

35. 


36. 

0x4- 1 , X - 8 _ 17 
x + 8 3x-l 12 

37. 

2(a--l) X--1 4 

38. 

_ X- = 

a - h h- CL 

39. 

(y?-r/x+“7 = (p4-g). 

X 

40. 

J'- + =‘j. 

x~a X ~b 

41. 



[For additional examples see Ekmmtary Algebra.^ 


198. Simultaneous Quadratic Equations. If from either 

c>f two t‘({natioiis whieh involve ,r and // the vahie of one of the 
unknowns can be (‘XjU’essed in terms of the other, then by sub- 
stitution in tlie second e(juation we obtain a (juadratic wliich 
may be solved by an}^ one of the methods ex 2 ->iained in this 
chapter. 

Example. (Solve the simultaneous equations 

5a; f 7 ^ = 1 , 4a;- -l- Zxy - = 10. 

From the first ecjuatiuii, x = ^ and therefore by substitution 

o 

in the second equation, we have 

4(l-7//P^:h/(l~7i/)___.^l(). 

25 5 

whence 4 - 5Gy -f 196?/- + 15y - 105?/ - 50y- = 250 ; 
that is, 412/- - H y " -46 = 0 ; 

(y-^)(yV2) = 0; 

/. y = 3, or -2. 

From the first equation, we see that if y — 3, then x= — 4, and if 
2 /= — 2, then a: = 3. 

Homogeneous Equations of the Same Degree. 

199. most convenient method of solution is to substitute 

y- nix in each of the given equations. By division we eliminate 
X and obtain a quadratic to determine the values of m. 
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Example. Solve the simultaneous cq nations 

5,1- -i ;>7/- :}‘J, E - uy j ‘Jfp -- ] (). 

Put y-mx and substitute in eiu-h e(jiiation. 'rims 



x-(5 -1 3m-) - 32 

(1), 

and x-( 1 - m 4 2m~) - 1 6 

(2). 

By division, 

5 1 .‘hn- „ ^^2 _ ^ 
i~7/i + 2;?r 16 


that is, 

- 'Im - 3 - 0 ; 


(m - B)(m f 1 ) - 0 ; 


m = o, or 1. 


(1) Take m-3 and substitute in either ( ! ) or (2). 


From ( 1 ), 32x“ = 

32 ; wliencc x- + 1. 



'm.c ~ 3x = + 3. 


(2) Take in- - 1 and substitute in (1). 'I’lms 


8x- = 

32 ; w lienee x - ± 2. 


y = 

: ?nx = - X = + 2, 


EXAMPLES XXV. d. 


►Solve the siniiiltaueous erjuations : 


1. a: + % = !», 2. 

.-ix- - 4y - 2, 3. 

2x4 y= 5, 

xy-9. 

xy - 2. 

5x- - xy- 2. 

4. x-2y = 3, 5. 

:ix -i-y ='J, 6. 

2x - 5y =- 1, 

X" + 4^“ = 29. 

'Sxy - if == 9. 

X- - Sy'^ - 1. 

CO 

II 

1 

--' = 1, 9. 

x y 

x-l .3, 

11 

\9xy~ 1. 

xy-y-‘ = 4. 

10. ^-*=2, 11. 
2 y 

^ + ^ = 3, 12. 

‘2x-^ = l, 

y 

X 2 

1. 

X y 

0 

% “ ^ 

13. 3a,“ + 7r =55, 14. 

l5xy~3x-~^ 77, 15. 

2X“ 1 To/'r- 143, 

2x- -Pixy- 00. 

7xy-\-3y^~ llO. 

b.xy I i)//“ - - 195. 


16, a:- + 2a:2/ + 22/- = 17, 17. 2lx- -i- 3xf/ ~ f/^ :^7l, 

3x- r- 9xy 119. 5x-- + 3xy + 5y^ = 265. 
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200. We sliall now discuss some problems whicli give rise 
to quadratic equations. 

Example 1. A train trav(;ls ,^00 miles at a uniform rate ; if the 
S[)ee(l Ivad l)v.en 5 miles an hour more, the journey would have taken 
two hours less : (iiul the rate of the train. 


Suppose the train travels at the rate of x miles per hour, th 
time occupied is hours. 

X 

On the other supposition the time ic, hours ; 

X 4- O 


. 800 ^a 00 _ 2 . 

a:-f5 a: 

whence x~ -l ox - 750 = 0, 

or (X4 30)(x~2o) = 0, 

X = 25, or - ,30. 

Hence the train travels 25 miles per hour, the negative value 
being ina»lmissib!e. 

[For an explanation of the meaning of t,he negative value see 
Ehnnx n (ary A Igehra . J 


Example 2. A man buys a niimher ol articles for ,“$2.40, and sells 
for .^2.52 all hut, two at 2 cents apiece more than they cost; how 
many did he buy ? 

L(g, X be the, number of articles bought; then the cost price of 

ea(d) is cents, and the sale lu'ice is cents. 

X. .r.— 2 

.X— 2 X 

r— 2 X 


that is, 



174 


ALGKBRA. 


[chap. 


After simplification, 6a: + 240 - 2a:, 

or a:- - 8a: ~ 240 = 0 ; 

that is, (a:-20)(a:+12) = 0; 

/. X ~ 20, or - 12. 
Thus the number required is 20. 


Exam'ple 3. A cistern can be filled by two pipes in 33J minutes ; 
if the larger pipe takes 15 minutes less than the smaller to fill the 
cistern, find in what time it will be filled hy each pipe singly. 


Suppose that the two pipes running singly would fill the cistern 

in a: and cc - 15 minutes ; then they will fill ^ and ^ of the cistern 

X X ~ 15 

respectively in one minute, and therefore wlien rimuing together they 


will fill 


\x a: -15/ 


of the cistern in one minute. 


1 3 

But they fill — or - " - of the cistern in one minute. 
33J 100 

Hence - + — , 

a; a:~15 100 


100{2a: - 15) = 3ar(x- 15), 

3a:2- 245a: +1500 = 0, 

(a:-75)(3a:-20) = 0; 

X - 75, or 

Thus the smaller pipe takes 75 minutes, the larger 60 minutes. 
The other solution is inadmissible. 


201. Sometimes it will be found convenient to use more than 
one unknown. 


Example. Nine times the side of one square exceeds the peri- 
meter of a second square by one foot, and six times the area of the 
second s(piare exceeds twenty-nine times the area of the first by one 
square foot ; find the length of a side of each square. 

Let X feet and y feet represent the sides of the two .squares ; then 
the perimeter of the second square is 4y feet ; thus 
9a: - 4y = 1 . 

The areas of the two squares are x‘^ and y- square feet ; thus 
- 29a;2 = 1. 
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From the first efpiation, 




4 ’ 


By substitution in the second equation. 


3(9a:~]y^ 


- 29a:2 = 1 ; 


that is, 


lla:2-54a:-5 = 0, 
or (:/:-r>){llr+l) = 0; 

U'hcuce a: = 5, the negative v^alue being inadmissible. 


Also, y = -' = 11. 

J 4 

Thus the lengths are 5 ft. and 11 ft. 


EXAMPLES XXVI 

1, bind a luiinber wliicli is less than its square by 72. 

2, Divide Id into two parts such that the sum of their squares 
is im 

3, Find two numbers differing by 0 such that the sum of their 
squares is eijual t(.) 233. 

4, Find a number which when increased by Id is 08 times the 
reciprocal of the number. 

5, Find two numbers differing by 7 such that their product 
is ddO. 

6, The breadth of a rectangle is d yards shorter than the 
length, and the area is d>74 s(]uai‘(; yards: liiid the sides. 

7, One siile of a rectangle is 7 yards longer than the other, and 
its diagonal is Id yards : lind the area. 

3. Find two consecutive numbers the difference of whose reci- 
procals is 3 J 

9. Find two consecutive even numbers the difference of whose 
reciprocals is 

10. The difference of the reciprocals of two consecutive odd 
numbers is find them. 

11. A farmer bought a certain number of sheep for .$315; 
through disease he lost 10, but by selling the remainder at 75 cents 
each more than ho gave for them, he gained $75: how many did 
he buy ? 

12. walking three-quarters of a mile more than his ordinary 
pace pi'r liour, a man finds that he takes 1 } hours less than usual to 
walk 29 1 miles : what is the ordinary rate ? 
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13, A cistern can be filled by tlie lariijer of two pipes in 5 min- 
utes less than by the smalh*r. Wlieii the taps are both running' the 
cistern is filhal in (5 minnles: lind the time in which the cistern 
could be tilled by each of tlie iiiiies. 

14. A man buys a dozen e‘’’i;s, and calculates that if they had 
been a cent per dozen cheapm* lu^ could liava* bought two more for 
twelve cents : what is the jirice per dozen ? 

15, The large wlua'l of a carriage is one foot more in circum- 
ference than the small wheel, and makc's 48 revolutions less per 
mile: lind the circumference of <'ach wheel. 

16, A boy was sent out to buy 12 cents’ worth of ap])l('s. lie 
ale two, and his master had in consecimmce to pay at the rat<^ of a 
cent per dozen more than the market price. How many ap]4es did 
the boy buy ? 

17. A lawn 45 feet long and 40 l»road has a path of uniform 
width round it ; if the area of the path is 50 sipiare yards, iiml its 
width. 

18. Hy yelling one mon* apple for a (‘ent than sin* fonnm’ly did, 
a woman iinds that she gets a cent less per dozen : how much does 
she now get pin' dozen ? 

19. Four times the side of one square is less than the perimeter 
of a second square by 12 feet, and eleven times the area of tlu' tirst 
is less than five times the area of the second by 9 scpiaiai feet : timi 
the length of a side of each s(juare. 

20. Find a number of tw(» d’Tdt.s such that if it be divi(le<l by tii»' 
product of its digits the «je,n::, iit is 7, and if 27 bo subtracted freii 
the number the order of the digits is rcversi'd. [Art. 111.] 

21. A person buys some 5| per cent, stock ; if the price had 
been |5 less he would have received <me per cent, more interest oii 
his money : at what price did he hiiy the stock ? 

22. The area of each of two rectangles is 1008 square feet ; the 
length of one is 8 feet more than that of the other, and the dillerence 
of their breadths is 3 feet ; lind tlieir sides. 

23. There are three numbers of which the second is greater than 
the first by 6 and less than the third by 9. If the product of all 
three is 280 times the greatest, find the numbers. 

24. Find four consecutive integers such that the product of the 
two greatest is represented by a number which has the two least for 
its digits. 

25. Two trains A and B start simultaneously from two stations 
P and Q which are 200 miles apart. A reaches Q h\ tVif liours, and 
B reaches P in 4§ hours after they meet : find the rate of each train. 
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[77i6' foliowi'tKj exdmples are arramjed proijrcs.'ii vel/f : 1-24 may 
he tal'en after Chap. xiii. ; 25 after (Jhap. xvii. ; 57-48 after 
Chap. xx. ; 49-00 after (5iap. xxii. ; 01-72 after Chap. xxiv. 
The remainimj examples are (piite general and cover the contimts 
of the whole hookf\ 


1, If a: = 3, y = - 2, z = 0, find the value of 

3r‘-^ -f ^^yz -f 
x~\y'xz 

2, Divide .3;/’ f 16;>‘‘ - 33yd-f 14^/- by /r-f7;>. 

3, Kind the siiiii t)f a - 'l{h ~ 3c), 3{a - 2{A i c)}, 2{h - 2{a - 2h)). 

4, Simplify by removing brackets 7[3u.-*4{a - 6-f-3{a + ^)}]. 

5, Solve the equations : 


(1, -ti+--4 = 4: 
(2) 2(^-4) -i - + 


7- 


23 -2i: 


6. A is three times as old as ]i ; two years ago he was five times 
as old as B was four years ago : wiiat is k’s age ? 


7, I^ind the product of 2ti. - % - {a - 26 - c) and h - 2c - (a ~ c). 

8. If 0 = 1, 6 = 0, c ^ - 1, (i = 2, e - - 2, find the value of 

- IT -f r' -i (P - ( •’ -t o- ! 6- { c" -f cZ- - e-. 

9. Keiiiove brackets from the expressions : 

( 1 ) a - [56 - {a - (3c - 36) + 2c - [a - 26 - c) j ] ; 

(2) 2[o - 3;6 - 4(c - cZ)}] - [a - 4{6 - 6(c • (Z)|]. 

10. If the price of 5 acres of land is ^o, what is the price of x 
acres ? and how many acres can be bought i’or ? 

11, Divide o-^ — 4 by o- — 2o-f 2. 

12, There are 150 coins in a hag wiiicii are either half-dollars 
or quarters. If the value of the coins is iii)58.50, find the iiumbet 
of each kind. 


U.A. 


M 
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13. Add together a - \h + c- (a -} ?>)} + c, 2(3a + 2/^ - 4(?> + 2a) - c, 
and 3{2b - a) - 2{3/> - a) -f- c. 

14, Find what value of x will make the produet of a: + 3 and 
2a; + 3 exceed the product of 1 and 2:t; -f 1 by 14. 

15, Divide 6^ + 8 - 125c'^ + 30Z/c by b-5c + 2. 

16. Simplify 

. ^ ^ Slc-(P ^ phed . 

2\k^d 2a‘“7d ’ 4ab^ * 

.iy. 2ax ^ I a~xc- a^bx a‘^lPx‘^\ 

Ir \2a6‘-V“ t>a-7r‘ "lcv‘b^x^}' 


17. How old will a man be in m years who n years ago was 
p times as old as his sou then aged x years ? 

18. f bought a c(‘vtain nninber of pears at three for a cent, 
aiul two-thirds of that mnnber at four for a cent ; by selling them 
at twenty-live for 12 cents, 1 gained 18 cents. Ilow many i>ears did 
I buy V 


19. Solve the eijuations: 
( 1 ) 


3 3 


(2^ - 
y ) 2 ' “'4 


1'^-+ -"-I. 
14 18 


20 . Bivklu aV+ (2ac—h-)x^ -\ c:- hy ax' + (‘ — 1i'x^. 

21 . If a horses are worth h e.ows. and c. cows are worth d sheep, 
find the value of a horse wlien a shee[» is worth §2. 

22. Find the highest common factor of 3a'-7>'^r, 12a'7>c2, 
and the lowest common mulli})le of 4a./>“C'^ 12a'V>, IKac-. 

ad (v\r? 


Also find the vahn* of 


-JLj^ 

2alP-c, Ird <\aHrx^ 

23. A gentleman divided j^4b amongst 130 children. Each girl 
had 50 cents, and each boy 25 eeiits. Ilow many boys were there? 

24. If F=5a4-45-(;c, A"=: - 3a-05-f 7c, 3'=r:20a-f 75-5c, 

Z = 13a — 56-1- Oc, calculate the value of V—{X4- F)-f Z. 
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25. J^olvc tlin or|iiations : 

3(0 - rr.v) 36 

' ^ 1 50 125 ’ 

(2) h^x + y) = 2 -+], l^(y - x) = 2x - 1. 

26. Find the factors of 

(1) a-^-a-]H2; (2) Sx^- + }3x~6. 

27. If X = 4, 2 / = 5, and ~ - 3, find the value of 

- :-) - »■-( ^ -- - 1 ; . 

28. product of two expressions is (.r + 22/)'^ + (3a: + and one 
of them is 4;r + 2;V f - ; find tlie other. 

29. ^Vlu'-n A aJid B sit down to play, /> lias two-thirds as much 
money as A ; after a time A wins .S)!*"), and then he lias twice as 
much mom‘y as />. Mow much liad each at first? 

30. Find tlie sq nare root of 1 Onr?’ -i- 4(l^ 4 - \ Of//' -j- ctr - SfM. 


31. Find the value of 

- s) ) - 1 } { ~ (••« 

and sulitract the result from (aM 2)(.r - 3)(a' + 4). 



32. 


33. 


Find th(^ sipiare root of 



4 3 


11a:- 

30 


-i-x-i- 


<) 

Hi* 


If 2fx - 


3/, - r - 4f/ “ 1, findj-he value of 
, / 4^7 r-j-) . d 

— -f (Ad ~ \ (Ad 
d 3f‘ \)(A 


34, Separate into their simplest factors : 

( 1 ) a:- - xy - 0//“ ; (2) x"' - 4.r//- - x^y + 4y^, 

35, *^<>lvc the (Hjiiations : 

(1) (a:-l)(a:-2)(x-6) = (a:-3)-- 


(^) 


3 2 

2.c'% = 


2 3 

~ f - - 13. 
a: y 


36. A farmer sells to one person 9 Inn'ses and 7 cows for $375, 
and to another 0 horses and 13 (;ows a,t tin; same prices and for the 
same sum : what was the price of eacli ? 
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37. 


38. 


When a = /> = 2, c - - 7, fin<l the value of 

( 1 ) 

a o - c h f 2c ^ 

(2) 4c + {c-(3c-2?>)+2^>}. 

Solve the equations : 


X 2x 


1 

3a; 


7 

:r 


(2) 5a; + 3?/ = 120, lO.r = 9y + 00, 

39, Find the highest common fact or of 53”'^ + 2a;" - 1 r).r - 0 and 

7ar*-4a;“-21a; + 12. 


40. A coach travcds ]>etwecn two pl;u!cs in 5 hours ; if its sjxicd 
were increased by 3 miles an hour, it would tak(’ 3.^ hours for the 
journey : what is the distance b(!twet;n tlie places ? 

41. From a'{;c + «-?./)(a;-a + ^) take {x - a){x ~ h){x -h a + h). 

42. Find the value of 

2x“ r)X - 3 ^ 3a;- - 1 ( ).r i- 3 . b.c-' - firr -f 1 
ar^ - 9a; a;- -f -f 2 * 3.r' 4 7 x- 4 2:r’ 


43. Divide 4 - 7/^ -t- 3.r7/ - 1 by a;4 7 /-I, and extract the square 
root of - 3./"^ 4- 4 2x 4- 


44. A man can walk from A to 77 and back in a certain time at 
the rate of 4 miles an hour. If he walks at the rabi of 3 niih-H an 
hour from A to 77, and at the rat e of 5 milc's an lumr from 77 to y1, 
lie requires 10 minutes longer for the double journey. Wliat is the 
distance from A to 77 ? 


45. Find the highest common factor of 

7x'^- lOax^ 4- 3«V- - 4a-’x 4 4a\ ~ 1 3aa;^ + 5crx" - 3a'^x + 3a\ 


46. Solve the equations : 


(2) X - 2?y 4 - 0, 9.r Sy 1 3z 0, 2x 4- 3?/ 4- 5;: = 36. 

47. Find the lowest connuon multiple of 

6x^ - a; - 1 , 3a;- 4 7a' 1 2, 2x’^ 4- 3a; - 2. 
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48. ’ho cxproHsioii ax is to .*>() wlicii x is 3, and to 42 

when X h 1 : what, is its value when x' is 1 ; and for what value of x 
is it equal to zero ? 


12x , ... 24rt , lOa- 

-- + 2o - - -f - - 


49 . Find the lowest common multiple of 

4(a- + ah), 1 2(a//- - h'% lS{a“ - h% 

50. Extract the square ro<jt of 

4x- 

a- a 

51. Keduee to lowest terms 

1 ‘Jx^ t 4ar* - 2dx“ - - [)x ~ 9 
8x^-14x--9 

52. Solve the equations : 

(1) X'- 




y- 


'-2(x~l)- 


7 19 ' 6 - ' ^ 

(2) 2x- 1, 4x-f%-2: - 13, Gx - 4// -i- 20. 

53. Simplify 


( 1 ) - 


a -f h 


2a ^ o-Vi - ^ 

a 4- h a'-h - Ir ’ 


x^ 4- 8a: I 15 X“ 4- 1 1 x 4 3( ) 

54. Fhe sum of the two digits of a number is 9 ; if the digits are 
reverseal the new number is four-sevenths of what it was before. 
Find the number. 


55. 

Solve the e([uatious : 


(1) 

•l.r ,^^(5//- 4)= 1, 

3y-2x 1 1 . 

' 4 '.•{ -2’ 

(-’) 

3.r 1 4y - 11 0, 

5y-G;:;~“8, 7^^- 8x 

56. 

h’lnd the value of 



2 

1 3x a 


a-\ X (i 

- X X- - a-^ ~{a 4- x)'^ 


57 . Kesolve into factors : 

(1) - 2x^ 4- X- i (2) 4- 
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58. Two persons started at the same time to from A to B. 
One rode at the rate of 71 miles per hour and arriviMl half an hour 
later than the other who travelled by train at the rate of 30 miles 
per hour. What is the distance between A and B2 

59. Find the square r(X)t of 

_x _ 16a’- 0;i/- , 0a:t/ lOa;^ 

9^ s TEyz 1{)Z^ 125^-* 

60. Find the factor of highest dimensions which will exactly 
divide each of the expressions 

2c^ -f c'Vi - - 7 c# “ 3(‘^ + r'd - 2c-(/- - ^Jed^ - bd\ 


61, Simplify 


(1) 

/H- 2 _ 
~ 2 

(2) 

('"•■ 

\ a 


/) y>3 ^ 2/r . 

p\2 


62. Find the highest common factor of 

- 2^' -f 9a:- + 9a’ - 4 ami Oa:^ -I 80a:- - 9. 
What value of x will make both these expressions vanish If 

63. Solve the equations : 


( 1 ) 

( 2 ) 


x-\~2 

^a:-2_ 

— 


X- o 

a: - 0 

2a: 

, 3a: - 1 



a: -I 

X \-2 


64. 


65. 


Simplify 


6a:- - fia:?/ - (>//- _ 1 ba:- 4 8a:// - 1 2//^ 
1 4a:- - 2[^xy + 3y- 35a:- + 47 a:y + 


Find the value of 


a:-2a_a:4-2«_ Idab , ^ _ 4a^ 

£c + 26 x-2b a? a + 6’ 


66. An egg-dealer bought a certain niiinber of t\ggs at 10 cents 
per score, and live iiinc's tlie uuml>ci- at 75 ecuits per hundred ; he 
sold the whole at lo ccjits [kt dozen, gaijiiug |)3.24 by the transac- 
tion. How many eggs did he buy V 
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67. If nr, - -- 1 , h~-2f c - - 3, d = - i, find the v aliie of 

2 a/’ n h I r - (J (t ^ ‘ 2 r, 

a- - fr - (the hr ~ 'lad h ad 

68. Solve the aimultaneous equations : 

• X - 2 _^x \ y _x -- y ~ I _y +\2 

“2 14 “ 8 * 4 ~ 

^+7 ?/ 1 _ a; _%_+!) 

3 10 7 ' 

69. Simplify the fractions : 

( 1 ) - 

x-z :r~y {z ~ x){y - x) 

P J _ 1 

Ir a' /) a 

- h) ' 

\h a/\h a J ar fr ah 



70. V roin a rerlain sum of mom-y oiic-tliinl part was taken and 
]mt, in its stead, f'roin the .smn thus ii.cri'ast'd onc-fourt li ]>art 
\v;i.s tidu'.n and .870 put in its stead d’ the amount was now 81-0, 
find th(i original sum. 

71. Find the lowest common multiple of 

(a.^ - a-V’“)', 4a.'’ - SaV~ i da'-V*^, a-^ -j- .'Ir/A' -+• 3n-cr -f- ac^, 

72. Solve the e(|uations : 


1 Oa: + 4 7 - 2ar- _ 1 1 - 5.r 4x - 8 ? 

21 ^14(:r-l) 15 ~b 


73. Simplify 

r- - ix - 21 ^ -t 0:r“ - ‘247.r . x- - 20.r + 91 
X I 1 7 a:- - X - 1 2 ' a? - 4 

74. Wliat must be the value of a; in order that 

_ Ja. + 2ad- _ 

as t 70a.r + ,*lar 

may be equal to IJ when a is equal to 67 ? 
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75. Fi?i(l ilio liighost common f.ictor of j 81 and 

8.r*-f‘27; ami find tin*. lowest common multiple of 8^’^ +27, 
1 (Ja:"* + .SOa - f 8 1 , ami Ga.‘“ - 5a' ~ (>. 

76. Solve the equations ; 

( 1 ) a{x-a)~ h{x - h) = (a + h){x -a- h). 

(2) {a + J>)x - a?/ = o.“, (rr -t- lr)x - nJ)i/ - 

77. A farmer bought a em'tain niimbi'r of sliee]) for .fflO. lie 
sold all but five of them for .$27, and made a. profit of 20 per cent, 
on those he sold; find how many hi^ bought. 

2a - _ ,??> 

2a -- iU) 2a 
2a y,l> ‘ih 
2a ^ 2a - fife 


78. Find the value of 


( 1 ) 


X - ?/ X + ?/ 

:r-j 1 / x-i/ , 
a?- - y'-^ _ a’- +- y- ‘ 
X“ + ?/- a'- - y^ 


79. Find the TT.C.F. of 21. r" - 2fi,r- + 8a: and - a-x- ~ 2arx. 

Also the Tj.C.M. of a'-* - a?, ax'-]-2nx~^a, a:'* - 7a:" + Gar. 


80. 


81. 


Simplify the expression 

{a + fe + r){a - fe + c) - { {a + c)“ 
Solve the equations : 


( 1 ) 

(2) 


5 4 ' 

4 _ G 5 

8a: -2 ar+ I 2.r i-8' 


fe" - (rt" + fe" + c")}. 


2 6 ’ 


82. Extract the s((iiaic root of 



83, Find*tJie value of 

4a + fife ^ 6a - 4fe _ 4o" f- fife" ^ 4fe" - fin" ^ 20?d 
a + fe a ~ fe a ‘ - fr a" + fe" a'* - h* 

84. baa <’on(ains 180 m>ld and silver (’(>ins of the value alto- 
a<‘l lier of .$1 IL bach i;o]d coin is wort h as many c('nts as thm'i* are 
silver e.oins, and each silver coin as many cents as there are aifid 
coins. How many coins are then^ of (‘utdi kind ? 
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85. Solve the o<|U<itions: 

(1) -» 

a: -{- 1 0 ;v i 4 a: -+ 7 

(2) j2a: + 6-x^^^ = 2. 

86. Find the factors of 

(1) 20a“4-21afe-27/r ; (2) - 9a? 4- 27. 

87. If tile leiii^dh of a field were diniinislied and its breadth 
iiiereascd l>y 12 yards, it wfndd be s([iiare. If its length were 
increased and its breadth diTiiinislied by 12 yards, its area would be 
15049 Sfjuare yards. Find the area of the field. 

88. Simplify the expression 

\{a -f h){a -i -r r) -f r“] {ia + 

{ (a + h f - rb {a + 6 -f c} 

89. Find the sipiare root of 

(2a; 4- 1 )(2a; 4- 3){2a; 4- 5)(2a; 4-7)4-10. 

90. Simplify 

10a- _ 1 2 ' 

(1 4- a“)( I - 1 - 1 -t- 


91. Solve the cipiations : 


( 1 ) 

(• 2 ) 


y 

l'2a' 


X 

_ •> ' 


3 

F y 
•ISa'- -05 

'5 


= * 43 ; 4 - 8 *9. 


92. llesolvc into factors: 

( 1 ) 6a’- 4- 5a; - 6. (2) 9.t'^ - S2a;“?/^ -f 9y^. 


93. lleduce 
to its lowest terms. 


^-l5.T-4-2S.r -12 
2ar»~ 15a:4-14 


94. Simplify the fraction 

(a 4- hf (1 4- 2h 4- a; (a ^ 1 

{a: - a)(a; 4 <x 4- b) 2{x - a) 4- Sx - ~ah 2 
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95. A person being asked his age replied, “Ten years ago I was 
five times as old as my son, but twenty years lienee he will be half 
my age.” What is his age ? 

96 , Find the value of 

I + „!___ 1 \x 

l{a -a;){a-f- a') x-a xi-ai 

X 


97 . When a = 4, = - 2, - find the value of 

- ¥ - (a-hf - 1 1(3/. )- 2r)^2<-= - 

98 . Find the square root of 

a* + h*-a^?>-alP + ^"^ 

4 

99 . Solve the equations : 

(1) - 2a: 2 . (o) SxU-22x = 4m. 

x-i 2a: - 1 


100 . Simplify 


x{x -\- Hy) ~ :l(a? -H ?/) 1- 2?/- 
2(aM { a^) 


101. What value of x will make the sum of 
equal to 2 ? 


x~a 


and 


X + T)?) 
3(6t + ^>) 


102. A man drives to a certain place at the rate of 8 miles an hour ; 
returning by a road 3 miles loug<‘.r at the rate of 9 miles an hour he 
takes 7i minutes longer than in going : how long is each road ? 


103, Find the product of 

( 1 ) - \xy + 7/r, + \xy q- 7y“ ; 

(2) x' - 2y-, X- ~ 2xy f 2//% x- q- 2y\ x? q- 2xy q- 2y\ 
Extract the square root of 

1 - ?a;= H - V + *“. 

2 ib 2 


104 . 
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105. Find the hi^diest factor common to 

x{iax} ~ 8//“) - - 42^“) and 2xy{‘ly - a;) + 4ar^ - 2y'^. 

106. The sum of the digits of a mimber is 9, and if five times the 
digit fn the ti'ns’ }>la(‘e he added to twice the digit in the units’ 
place, the number will be inv’^erted. What is the number ? 

107. If (a+^\ =3, prove that = 0. 

\ aj 

108. Solve the equations : 

(1) (x + 7)(.v~3) + 2-(y + 3)(a:-l) = 5a:-ll2/ + 35 = 0; 

' ^ 3 6i - 3a:“3{i~- 2y 


109. II X = h + c, y = c- a, z = a find the value of 

X“ + y- + z-~ 2xy - 2xz + 2yz. 

110. Express in the simplest form 

- 1.^ + ’ + ’ + , 

2:r- 4- 3a: -{ 1 6a:- -t- 5x +1 1 2x“ + 7a: + 1 2i)x^ -h 9a: + 1 

111. Resolve into factors : 


( 1 ) 4 — (a- -H Ir ~ c-)- ; 

(2 ) nh{m“ + 1 ) + m(a- + h“). 


112. Simplify the fractions : 
1 


( 1 ) 


x + ~ 


1 + 


1 

a’-f 1 
3-a: 


( 2 ) 


{a - x)^ 

71“' 

X 


113. Solve the equations : 

(U ’7=" +80^+2>= 23 ,5. 
' ’ 3(x+lj 5(:ia: + 2) x + l ’ 

(2) v'xTii- J* = 6. 
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114. Ten minutes after the <leparture of an express train a slow 
train is started, travellinf^ on an averap;e 20 miles less per hour, 
which roaches a station 250 mihvs distant ^ \ hours after iJie arrival 
of the express. Find the rate at which each train travels. 


115, Simplify 

~ 64a r2a“ + 5a + 2 ^ / a‘* - 4a ^ -{- 7a - S't “j 

a- - 4 L2a“ + 9a + 4 ' I a- + 4a ar + a - 2 i J 


116. Resolve into four factors 

4(aft + cdf - (a- + Jr ~ c^~ drf. 

117. When a = 4, h=-2, <" = [y c?=-l, find the numerical 
value 

XJic^ - a{a - 2b ~ d) - 'V b*c +11 h-^d‘\ 


118. Find the value of 
1 


(1) a-- 


/> + 


1 

ah 

a + = 

a— b 


( 2 ) 


2a: - 8 + - 


1- 


a: - 6 


119. Solve the equations : 

( 1 ) 1 50a:- = 299a: + 2 ; (2) aa: + by - ay- hx = a^ + Ir. 

120. A has 19 miles to walk. At the end of a (piarter of an 
hour he is overtaken by /> who walks lialf a mile per liour faster ; 
by walking at the same rate as Ji for the remainder of the journey 
he arrives half an hour sooner than he expected. Find how long the 
journey occupied each man. 


l‘rint<;d in the United States of Aniericii. 
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ARITHMETIC. 

By CILARLES SMITH, M.A., 

Author of “ Elementary Algebra F **A Treatise on Algebra** 

AND 

CHARLES L. HARRINGTON, M.A., 

Head Master of Dr. J. Sack’s School for Boys, New York, 

1 6mo. Cloth. 90 cents. 

A thorough and comprehensive High School Arithmetic, containing many good 
examples and clear, well-arranged explanations. 

I'here are chapters on Stocks and Bonds, and on Exchange, which arc of more 
than ordinary value, and there is also a useful collection of miscellaneous examples, 


THE MACMILLAN COMPANY, 
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INTRODUCTORY MODERN GEOMETRY 

OF TIIK 

POINT, RAY, AND CIRCLE. 

By WILLIAM B. SMITH, Ph.D., 

Profetsor of Mathematics in the Tulane University of New Orleans^ La, 
Cloth. $1.10. 


'* 10 the many of my fellow-teacherR in America who have questioned me In 
regard to the Non-Kuelidean (reometry, I would now wish to say publicly that 
l)r. Smith’s coneejttioii of that profound advance in pure Hcicnce is entirely sound. 

, . . Dr. Hrnitli lias giv('n us a book of whicli our country can lie jiroud. I think it 
the duty of every teacher of geometry to examine it carefully.” -- AVom Prof. 
(1kou(jk IJurri; iIalstki), Th. D. (Johns llojikiiis), Professor of Mathematics^ 
Urdversity of Texas. 

“ I cannot see any cogent reason for not introducintr the methods of Modern 
tieometry in text-books intended for first years of a college course. How useful 
and instructive these methods arc. is clearly brought to view in Dr. Smith's admi- 
rable treatise. 'I’his treatise is in the right direction, and is one step in advancing a 
doctrine which is <lestined to reconstruct in great measure the whole edifice of 
(Jeometry. 1 sluill make provision for it in the advanced class in this school noit 
term.’’-- From Principal flous M. Culaw', A.M., Monterey, Fa. 


MODERN PLANE GEOMETRY. 

Being the Proofs of the Theorems in the Syllabus of Modern 
Plane Geometry issued by the Association for the 
Improvement of Geometrical Teaching. 

By G. RICHARDSON, M.A., and A. S. RAMSAY, M.A. 

Cloth. $1.00. 


“Intended to be an Introduction to the subject of Modern Plane Geometry and 
to the more advanced books of Gremona and others. It has a twofold object: to 
serve, in the first jilaee, as a sequel to Euclid . . . ; and, secondly, as a systematie 
means of i»roccdure from liluclidean Geometry to the higher descriptive Geometry 
of Conics and of imaginary points.” 
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TEXT-BOOK OF EUCLID’S ELEMENTS. 


Including Alternative Proofs, together with Additional 
Theorem’S and Exercises, classified and arranged 

By H. S. HALL and F. H. STEVENS. 

Books I.-VI. and XI. $1.10. 


Also Soil] soparutahj (isfidUnos : 


Book I 

Books I. and 11. . . 
Books I.-IV. . . . 


30 cents. 
50 cents. 
75 cents. 


Books III. -VI. . . . 
Books V., VI., and XI 
Book XI. 


75 cents. 
70 cents. 
30 cents. 


“ The jK'Ciiliarity of Messrs. Hull and .'Stevens' edition is tho cxtmt and 
rariely of the additions. After each iinpurtant |»roj>o>iiioii u lurye niuidier (d exer- 
eise.s are yiv<-n, niul at tlio end of eaeh l.()()k additional exereiM-s. tlu‘orem>, noies. 
etc., etc., well ^eleeted. often inireiiious and iiiter<->timr. . . . 'I’hei'i* ai’e a yreat 
liundter of minute details ahoiit the eonstruetion of tlii> edition and its im'ohaiiiea! 
exeention whieli we liave r*’ lo "‘“nlion, lonall ’'i}(>\\iny iln’care, tlie patienee, 
and tile lai)or 'tvhieh have ■■■ ■ . '•••! ujfon it. On the whole, wo think it tht 

mast usable edidtm of Euclid that has yet ajipeared.” - ~ The Nation. 


THE ELEMENTS OF SOLID GEOMETRY. 

By ROBERT BALOWIB HAYWARD, »,A., F.R.S.. 

Senior Mathemafiral MasUr in Harrow School ; 

Late President of i. ;.e Association for the Improvement of 
(J eometrical Teachi ng. 

16mo. Cloth. 75 cents. 


“A modification and cxten.sion lirst tw»nt> -eiie [iropositions of the eleventh 
book of Euclid, developed out of a Sgllabus of Solid Geometry sulnnitted hy the, 
author to a t'ominittee of tin* A.’'’'oeiation for tin* Imi>roveineiit of Geoinetrieal 
Teaching, and reported upon hy that Guminittec with a consideruhle decree ol 
favor.” 
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ELEMENTS 

OF 

SYNTHETIC SOLID GEOMETRY. 


. By NATHAN F. DUPUIS, M.A., F.R.S.C., 

Professor of Pure. Mathematics in the Umrersiiy of Queen's College, 
Kingston, Canada. 

1 6mo. pp. 239. $1.60. 


FROM THE AFTlIoirS PREFACE. 

“ T liavd iiiduci'd to prosoiit thr* work to tlio {lublio. ]iartly l»y receiving 

from a iiiimlnM- of Kduoatiitni.'.l-^ ifi(|uirie> :i> to wliat work on Solul tJeoiiH'try 1 
would rtu'oiumi'ud a.s a mmjuoI to my Plam- Cr-omotry, and }>artly from the hiyt! 
estimate tliat I have foniied of tlie value (d* th*' study of synilietie oi'ometry 

as a means of meutal discipliuo . . . 

“ In this Work the suhieet is carriisl somewhat farthio- than is (Uistomary in 
tliose works in \Nhieh the suhieet of ^^.lid troometry is ai>j>en'le<i to that of platui 
iteometry, but the e\1eusioji> i hus m.ade are fairly wilhin the scope (d“ an tdeimMi- 
ttiry work and are hi^ddy interestitifi: and imptwtant in tliemselves as forming vahi- 
able aids to the rig-ht inidersiatiding of the more transeendentaJ methods,” 


Introductory to the Above. 


ELEMENTARY SYNTHETIC GEOMETRY 

OF THE 

Point, Line, and Circle in the Plane. 

16mo. $1.10. 

“ I’o this valuable work wa* pnwluusly directed special attention. d'h(* whole in- 
tention td' the work has been to [n'e]iare the student to take up successfully the 
modern works on .analvtical geometry. It is safe to say that a student will learn 
mole of the science trom tliis book in oin* y«‘ar than he can learn from the ohb 
fashioned translations of a eert.ain ancient (Peek tre.ati.se in two ytair.s. Every 
mat tiematical master should study t.his book in orde*' to learn the logical uietlio'd 
)f preseiitdug the subject to beginners.” - Canada Educational Journal. 
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Not2 orders for the American Bdition of Smith's £/e* 

........... meniafy Algebra^ the Briefer Edition will be sent wherever 

the Complete Edition is not distinctly ordered. A pamphlet con^ 
taining the answers will be supplied free, but only upon the written 
order of the teacher for whose classes they are required* 


AMERICAN EDITION OP 

Charles Smith’s Elementary Algebra. 

FOR THE USE OF 

PREPARATORY SCHOOLS, HIGH SCHOOLS. 
ACADEMIES, SEMINARIES, Etc. 

BV 

IRVING STRINGHAM, PH.D., 

Professor of Mathematics, and Dean ok the College Faculties 
IN THE UnIVEKSITY OK CALIFORNIA. 


BRIEFER EDITION (408 pag:es) $1.10 

This edition is the same as Chapters I.-XXVI. of the 
COMPLETE EDITION (584 pages) $i. 2 « 


** I have always liked Charles Smithes Alge- 
bra, and the new edition contains a good many 
improvements, and seems to me an excellent 
work. The use of the book in schools prepar- 
ing for Harvard College would be satisfactory to 
our Mathematical Department. I have already 
privately recommended it to teachers who have 
consulted me.” 

— Prof. W. E. BYERLY, Harvard College. 
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A- TREATISE ON ALGEBRA. 

By CHARLES SMITH, M.A. 

Cloth. $1.90. 


No stronger commendation of tids wort is needed than the fact that it is tlie text 
used in a larj^'C nuinher, if not in the majority, of the leading- colleges of the country, 
among wiiieh may he mentioned Harvard University, Cornell University, Cnivt-rsity 
of Ohio, of rtuinsv Ivania, of Michigan, of Wisconsin, of Kansas, of Califoriua, of 
Missouri, Stanford Cniversity, etc., etc. 

“Those acquainted with Mr. Smith's text-books on conic sections and solid 
e-eometry will form a lu'L'h c.v(»eetation of this work, and we do not think they will 
be disn{»poinled. Its style is clear and neat, it give.'* alternative proofs of most of 
the tundamental theorems, and abounds in practical hints, among which we may 
notice those on the resolution of ex[»ressions into factors and the recognition of » 
tteries us a binominal expansion.’' -- Oxford Jteview. 


HIGHER ALGEBRA FOR SCHOOLS. 

By H. S. HALL, B.A., and S. R. KNIGHT, B.A. 

Cloth. $1,90. 


“The ‘ Klementary iHgcbra,’ by the same authors, which has already reached a 
sixth edition, is a work of sncIi excei»tional merit that those ac(inainted with it will 
form high expectations of the sequel to it now issued. Nor will they be disappointed. 
Of the authors’ ‘ Higher .\lgebra,’ us of their ‘ F-lemeiilary Algebra,’ we un- 
hesitatingly assert that it is by far the best work of tlu* kind with which we are 
acquainted. It supplies a want much felt by teachers.” — The Athenceum. 
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ELEMENTARY TRIGONOMETRY 

BY 

H. S. HALL, B.A., and S. R. KNIGHT, B.A. 

Authors of Algebra for Beginners f '^Elementary Algebra for Schools f etc* 

Cloth. $1.10. 

" I consider the work as a remarkably clean and clear })resentation of the principles 
of Plane 'I'rigononietry. For llie beginner, it is a book that will lead him step by step 
to grasp its subject matter in a most satisfactory manner.” — E. Miller, Unwereity 
of Kansas. 

“ The ijook is an excellent one. The treatment of the fundamental relations of 
angles and their functiims is clear and easy, the anangement of the tr)pics such as 
canmn but commend itself to the experienced teadier. It is, more than any otlier 
work on the subject that I just now recall, one whicli should, I think, give pleasure 
to the student.” — John J. ScmmiNGER, 7Vie Harvard School. 


WORKS BY REV. J. B. LOCK. 

TRIGONOMETRY FOR BEGINNERS. 


AS FAR AS THE SOLUTION OF TRIANGLES. 

1 6mo. 75 cents. 

“A very concise and conn)lete little treatise on this somewhat diffietdt subject for 
boys; not too childishly smijjle in Us expl.anaiions; an incentive to thinking, not a 
substitute hu it. 'I’he sclioolboy is encouraged, not insnltcHl. 'I'lie illuslratioiis arc 
clear. Abumlant examples are given at every stage, with .inswers a; the end of the 
book, the general correctness of which we h.ive taken jRiins to prove. T he definitions 
are good, the arrangement of the work clear and easy, the book itself well printed ” 
— fournal of Education. 


ELEMENTARY TRIGONOMETRY. 


6th edition. (In this edition the chapter on Logarithms has been carefully revised.) 

1 6mo. $1.10. 

“ The work contains a very large collection of good (and not too hard) examjiles. 
Mr. Lock is to be coiignilulaled, vvlieu so many Trigonometries are in the field, on 
having produced so good a book; for he has not merely availed himself of the labors 
of his predecessors, but by the treatment of a well-worn subject has invested the 
study of it with interest,” — Nature. 
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